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KEY 
TO 

ATKINSON'S BRIDGE'S ALGEBRA. 

CHAPTER !.-DEFINITIONS. 

(p. 3.)-Ex. 3. If a=5, b=4, c=3, d=2, X=l,y=O; 

find the numerical values of the following expressions : 

(1.) a+b+c+x=5+4+3+I · 
=13 

(2.) a-h+c-x+y=5-4+3-l+o 
=1+3-1 
=4-1 
=3. 

(3.) ab+3ac-bc+4cx-xy=5X4+3 X 5X 3-4X3 

+4X3X 1-1 XO =20+45-12+12-o 
=77-12 
=65 . 

(4.) abc-abd+bcd-acx=5 X 4 X 3-5X4X2+4X 3 

X2-5X3Xl =60-40+24-15 
=84-40-15 
=29. 

(5.) 3abc + 4acx-8bdx + axy = 3 X 5 X 4 X 3+4 X 5 X 3 

Xl-8X4X2Xl+5Xl XO= 180+60-64+0 
=240-64 
= 176. 

Ex. 2. If a=3, b=2, c= 1; find the numerical values of 

3a+c 3X3+1 9+1 10 

(I.) 4b+a = 4 x 2+s = s+3 =11 
"'Q 
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a+2b-c 3+2X2-l 3+4-1 6 
(2,) 3a+b-5c 3 X3+2-5X 1-9+2-5 6 1. 

ab+.ac-bc 3X2+3Xl-2Xl ( 3.) b b 2a -2ac+ c 2X3X2-2X3XI+2x1 
6+3-2 7.... 
12-6+2 8 

(p. 5.)-Ex.4. If a=l, b=3, c=5, d=O; find the values of 
(l.) a2+2b-c = 12+2x3-5 

= 1+6-5 
=2. 

(~.) a2+3b2-c2= 12+3 X 32-52 

= 1+3X9-25 
= 1+27-25 
=3. 

(3.) a2+2b2+3c2+4d2= 12+2x32+3X52+4X02 

= 1+2x9+3X25+4X0 
=1+18+75+0 
=94 

(4.) 3a2b-2b2c+4c2
- 4a2d =3X l2X3-2X32 X5 +4X52 -4Xl2X0 =3X I X 3-2X9X5+4X25-4XlXO 

=9-90+100-0 
= 19. 

(5.) a 3+b3=l3+33 

(6.) 

=1+27 
= 28. 

a3 b3 c3 13 . 33 5a -+-+-=-;--+-3 3 3 3 3 3 

=!+ 27 + 125 
3 3 3 
153 
3 

=51. 
Ex. 5. Let a = 64, b = 81, c = 1; find the values of 

(1.) v; +VE=-v 64 + ¥81. 
= 8+9 
=17. 
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(p. 5.) (2.) v'a+v'b+v'c=v'6-1+v'81+v'1. 
=8+9+1 
=18. 

(3.) v' abc= v' 64X8l X 1 

=¥5184 
=72. 

CHAP. IL-ADDITION. 

Ex. 4. 
3x3+4x2

- x 

2x3+ x2-3x 

7x3+2x2 -2x 

4x3+ x 2
- x 

l6x3+8x2 -7x 

Ex. 4. 
4x3

- 2x+3y 

- x3+ 4x- y 
7x3

- x+9y 
9x3+2Ix-2y 

I 91·~+22x+9y 

CASE I. (p. 7 .) 

Ex. 5. 

7a3-3a2b+ 2ab2 - 3b3 

4a3 - a2b+ ab2
- b3 

a3 -2a2b+ 3ab2
- 5b 3 

5a3-3a2b+ 4ab2 - 2b3 

l 7a3 -9a2b+10ab2 - l lb3 

CASE II. (p. 8.) 

Ex. 5. 

5a3-2ab+ b2 

- a3+ ab-2b2 

4a3-3ab+ b2 

2a3+4ab-4b2 

10a3 * -4b2 

Ex. 6. 

2x2y- sx+ 2 

4x2y- 2x+ I 

3x2y- 5x+IO 
x 2y- x+J5 

Ex. 6. 

4x2y 2+2xy-3 

- x 21J2- xy-1 
3a:2y 2+4xy- 5 

-9x2y 2 -2xy+9 

-3x2y 2+3xy * 

Sl }IPLE EQ,UA.TIONS CONTAINING ONE UNKNOWN 

QUANTITY. 

(p. 11.)-Ex. 5. Given lOx = 150; find the value of x. 

Dividing both sides of the equation by 10, we get 

x=I5. 

Ex. 6. 3x+4x+ 7 x = 84. 

Collecting the terms, l 4x = 84, 

Dividing by 14, x = 6. 
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Ex. 7. 

Ex. 8. 

KEY TO ALGEBRA.. 

8x-5x+4x-2x = 25. 
12x-7x =25, 

5x=25; 
.'. X=5. 

12x-3x-4x-x = 24. 
12x-8x =24, 

4x=24; 
:. x=6. 

PROBLEMS. 

(p. 15.)--PRoB. 6. A horse and a saddle were bought for 
£40, but the horse cost 9 times as much as the saddle; 
what was the price of each ? 

Let x = the price of the saddle in £, 
then 9x = .................. horse ..... . 

But price of the saddle+ price of the horse= £40. 
:. x+9x=-W, 

l0x=40; 
:. x = £4, the price of the saddle, 

and 9x = £36, .. .. .. . .. ... .. . . .. hOTse. 

PROB. 7. Divide two dozen marbles between Richard and 
Andrew, so that Richard may have three times as many as 
Andrew. 

Let x = the number Andrew receives, 
then 3.r = . . . .. .. . .. .. Richard ... ..... . 

But the No. to be divided between them is two doz., or 24, 
:. x+3x=24, 

4x=24; 
:. x = 6, Andrew's share, 

and 3x = 18, Richard's ...... 
PROB. 8. A boy being asked how many marbles he had, 

said, If I had twice as many more, I should have 36. How 
many had he? 

Let x = the number of marbles the boy had,. 
then 2x = twice as many as he had. 

But the marbles the boy had, and twice as many besides, 
make 36, 

:. x+2x=36, 
3x=36; 

··- ~""""" 1 ~ 
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(p. 17 .)-PROB. 13. A gentleman meeting four poor per­

sons, gave five shillings amongst them ; to the second he 

gave twice, to the third thrice, and to the fourth four times 

as much as to the first. What did he give to each ? 

Let x = the No. of pence he gave to the l st person, 

then 2x = . . . .. . . .. . .. . . . . .. . .. . .. . . . . .. . . . . . . . . . 2d ........ . 

3x = .,.,., .. , .................... , ......... 3d ....... .. 

and 4 x = .. .. .. .. . . . . . . . .. .. . . .... . .. . . .. . .. . . . . 4th ........ . 

But the money which the gentleman gave among them 

was 5s., or 60d. 
:. x+2x+sx+4x = 60, 

10x=60; 
:. x=6d. 

Hence, he gave to each poor person respectively, 6d., 12d., 

18d., and 24d. 

PROB. 14. Divide a line 12 feet long into three parts, 

such that the middle one shall be double the least, and the 

greatest triple the least part. 

Let x = length in feet of the least part, 

then 2x = ..................... middle ..... . 

and 3x = ..................... greatest ..... . 

:. x+2x+3x = 12, 
6x= 12; 

:. x = 2, length of the least part in feet ; 

2x = 4, ............. :. middle ........ . 

3x = 6, ............... greatest ....... .. 

PRon. 15. Divide 40 into three such parts, that the first 

shall be 5 times the second, and the third equal to the dif­

ference between the first and second. 

Let x = the second part, 

then 5x = the first 

:. 5x-x or 4 x = the third 

Now these three parts taken together are to make 40; 

:. x+sx+4x = 40, 
10x=40; 
:. x = 4, the second part, 

5x = 20, the first 

and 4x = 16, the third 

PROB. 16. A grocer mixed three kinds of tea, Bohea at 

3s. per to., Twankay at 5s., and Souchong at 7s. per to. 
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The mixture contains the same quantity of each, and cost £6. How many Ths. are there of each kind ? 
Let x = the number of Ths. of each kind; then 3x = the price of the Bohea in shillings, 

5x = . . . . . . . . . . .. . . . . . . Twankay ........ . and 7x = .................. Souchong ......••. But th e mixture, or the three kinds taken together, cost £6, or l:20s. 
:. 3x+5x+7x = 120, 

l5x= 120; 
:. x = 8, the No. of !os. of each kind. 

(p. 17.)-PRoB. 17. A bill of £700 was paid in sove­reigns, half-sovereigns, and crowns, and an equal number­of each was used. Find the number. 
Let x be the number of each species of coin ; then 20x = the value of the sovereigns in shillings, l0x = ............... half-sovereigns ........• 

5x = ............... crowns ........ . 
Now, by the problem, the sum of their values is £700, or 14000s. 

:. 20x+lox+5x = 14000, 
35x= 14000; 
:. x=400. 

PROB. 18. Two travellers set out at the same time from Guildford and London, a distance of 27 miles apart; the one walks 4 miles an hour, and the other 5 miles. In how many hours will they meet? 
Let x be the number of hours: 

then 4:v = number of miles the one walks, 
and 5x = . . . .. .. . .. . . . . . . .. the other •••••• But together they walk 27 miles ; 

:. 4x+5x=27, 
9x= 27; 

:. x = 3 hours. 
PROB. 19. A person bought a horse, chaise, and harness, for £120; the price of the horse was twice the price of the harness, and the price of the chaise twice the price of both horse and harness; wr.at was the price of each ? 

Let x = the price of the harness in £ 
then 2.1.· = . . . . . . .. . . . . . .. . . . horse 
and 6x = . . . . .. . . . . . . . .. . . . chaise ...••• 
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Therefore, by the problem, 

x+2x+6x = 120, 

9x= 120; 

7 

:. x=£13 6s. 8d., price of harness, 

2x =£26 13 4 ......... horse, 

and 6x = £80 0 0 .. .. .. .. . chaise. 

SuBTRACTION.-(p. 18.) 

Ex. 6. Ex. 7. 

From 1xy+2x-3y 14x+y- z- 5 

Subtract 2xy- x+ y x+y+ z- l I 

Remr. 5xy+3x-4y l3x * -2z+ 6 

Ex. 8. 

13x3-2x2+ 7 

- x3+ x2
- 6 

14x3-3x2+1 3 

SIMPLE EQUATIONS CONTAINING ONJ;, Y ONE UNKNOWN 

Q U .A.NT I TY. 

(p. 20.)-Ex. 4. 

Here, by transposing the x to the left-hand side, and the 3 

to the right-hand side of the equation, and changing their 

signs, we get · 

Ex. 5. 

2x-x= 17-3 

.". X= 14. 

5x-4=4x+25 

By transposition, 5x-4x = 25+4; 

.", X ='29. 

Ex. 6. 1x-9 =6x-3 

1x-6x= 9 -3 

:. x=6. 

Ex. 7. 4x+2a = 3x+9b 

Transposing, 4x-3x = 9b-2a 

:. -i: 9b 2a. 
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(p. 20.) 

XE Y TO ALGEBRA, 

Ex. 8. I5x+4 = 34 
15x=34-4 
I5x = 30; 

:. by dividing (RULE I.) both sides of the equation by 15, 
x=2. 

Ex. 9. sx+7 =6x+21 
8x-6x=27-7 

2x=20 
:. x=IO. 

Ex. 10. 9x-3 = 4x+22. 
9x-4x=22+3 

5x=25 :. Dividing both sides by 5, x = 5. 

Ex.11. 17x·-4x+9 = 3x+39. 
By transposition, 17x-4x-3x = 39-9 And collecting the terms, !Ox = 30 
Dividing (RULE I.) both sides of the equation by 10, . X=3. 

Ex. 12. ax-c = b+2c. 
By transposing c to the right-hand side, the equation becomes 

ax=b+2c+c 
orax=b+sc 

Divide (RULE I.) both sides of the equation by a, and then, . ax 
smce - = x, we have a 

Ex. 15. 

b+3c x=--. a 

4x-(3x+4) = 8. 
This equation becomes, after the bracket has been taken away, 

By transposition, 
4z-3x-4=8 

4x-3x=8+4; 
:, X = 12. 
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(p. 20.)-Ex. 16. 8x-(6x-8) =9-(3-x) 

Take away the brackets, then the equation becomes, after 

the signs of the quantities within them have been changed, 

8x-6x+s = 9-3+x . 

.And, transposing, 8x-6x-x = 9-3-8; 
:. X = -2. 

Ex. 17. 4x-(3x-6)-(4x-12) = 12-(5x-10). 

4x-3x+6-4x+I2 = I2-5x+IO 

4x-3x-4x+5x = 12+10-6-rn 

2x=4; 

Ex. 18. 

:.x=2· 

5x-(3+3x) =8-(-x-I). 

5x-3-3x = s+x+I 
2x-3=9+x 
2x-x.=9+3; 

.·.x•:.= 12. 

PROBLEMS. 

(p. 21.)-PRoB. 4. At an election 420 persons voted, and 

the successful candidate had a majority of 46. How many 

voted for each candidate ? 

Let x = No. of votes the unsuccessful candidate had1 

then x+46 = . . . . . . . . . .. .. . . the successful one had, 

and the number of persons who voted was 420 ; 

:. x+x+46 = 420, 
2x+46=420, 

2x =420-46, 
2x= 374; 

:. x = 187, the No. of votes one had, 

and x+46 = 233, ......... the other had. 

(p. 22. )-PROB. 5. One of two rods is 8 feet longer than 

the other, and the longer rod is three times the length of 

the shorter. What are their lengths? 

Let x = t_he length in feet of the shorter rod, 

then x+8 = . .. . . .. .. . . .. .. . . . . .. . . .. .. . .. longer ...... 

and 3x = 3 times the length in feet of the shorter. 
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But the longer rod is equal to 3 times the length of the shorter; 
.·. x+8 = 3x; 

By transposition, 3x-x = 8, 
2x=8; 

. •. x = 4 feet, length of the shorter rod, and x+s = 12 ..................... longer ..... . 
(p. 22.)-PRoB. 6. Five times a number diminished by 16 is equal to three times the number. What is the number? 

Let x be the number, 
then 3x = 3 times the number, 
and 5x = 5 times .............. . 

But when 16 has been subtracted from 5 times the num­ber, the remainder is equal to 3 times the number; 
.·. 5x-16 = 3x, 

5x-3x= 16, 
2.x = 16; 

••. x = 8, the number required. 
PROB, 8. A draper has three pieces of cloth, which to­gether measured 159 yards ; the second piece was 15 yards longer than the first, and the third 24 yards longer than the second. What is the length of each piece ? 

Let x = the length in yards of the 1st piece, , then x+l5 = .. .. .. .. . ... .. . ... .. ..... .. . .. 2d •••••• and x+15+24 = .............................. 3d •••••• . But the length of the three pieces taken together is 159 yda . 
. ·. x+ (x+l5) + (x+l5+24) = 159. Collecting the terms, 3x+54 = 159, 

3x= 159-54, 
3x = 105; 

:. x = 35 yds., length of 1st piece, x+l5 = 50 .................. 2d ..... . and x+15+24 = 74 .................. 3d ..... . 
PROB. 9. Divide £36 among three persons, A, B, and C, in such a manner that B shall have £4 more than A, and C £7 more than B. 

Let x = A's share in£ 
then x+4 =B's ........... . 

and x + 11 ~ C's ........... . 
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And the sum of their shares is £36 ; 

.·. x+x+4+x+ll = 36, 
3x+l5 = 36, 

3x = 36-15, 
3x = 21; 

. ·. x = £7, A's share, 

x+4 = £ll, B's ..... . 

and x+n = £18, C's .... .. 

11 

(p. 22.)-PROB. 10. A gentleman buys four horses; for 

the second he gives £12 more than for the first; for the 

third £5 more than for the second ; and for the fourth £2 

more than for the third. The sum paid for all the horses 

was £240. Find the price of each. 

Let :r: = the price in £ of the 1st horse, 

then x+12 = ........................ 2d •••••• 

x+l 7 = •••••• ••• ••••••••••••••• 3d •••••• 

and x+l9 = ........................ 4th •••••• 

Now the sum paid for all the horses was £240, 

.·. x+x+12+x+17+x+l9 = 240, 
4x+48=240, 

4x =240-48, 
4x= 192; 

.·.x=48. 

The prices therefore of the four horses are £48, £60, £65, 

and £67, respectively. 

(p. 24.)-PRoB. 14. It is required to divide the number 

99 into five such parts, that the first may exceed the second 

by 3, be less than the third by 10, greater than the fourth 

by 9, and less than the fifth by 16. 

Assume the 1st part= x + 3, 

then ... 2d ••• =x, 
... 3d .,, = x+I3, 

••• 4th
••• =x-6, 

and ... 5 th ••• = x+l9. 

And the several parts being added together amount to 99 ; 

. ·. x+3+x+x+rn+x-6+x+l9 = 99. 

Collecting the terms together, 5x+29 = 99. 

By transposition, 5x = 99-29, 
5x=70; 

.·.x=l4. 

Hence, the several parts are 17, 14, 27, 8, 33. 
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(p. 24.)-PRoB. 15. Two merchants entered into a specu­lation by which A gained £54 more than B. The whole gain was £49 less than three times the gain of B ; what were their gains? 
Let x = B's gain in£ 

then x+54 =A's ........... . 
Now the sum of the gain of A and B was the whole gain; 

•·• the whole gain= 2x+54; 
But by the problem, the whole gain was £49 less than three times B's gain; 

. ·. the whole gain is also= 3x-49. 
These two different expressions for the whole gain must necessarily be equal; 

.·. 3x-49 =2x-54, 
3x-2x = 54+49 ; 

.·. x =£103, B's gain, 
and x+54=£lb7, A's 

PROB. 16. In dividing a lot of apples among a certain number of boys, I found that by giving 6 to each, I should have too few by 8, and by giving 4 to each boy I should have 12 remaining. How many boys were there ? 
Let x = the number of boys; 

Then, if I had given 6 apples to each boy, the number of apples given away would have been 6x, which is a number greater than the number of apples I had by 8; 
.·. the number of apples I had was= 6x-8. 

Again, if I had given 4 apples to each boy, I should have. g_iven a way 4x apples, and should then have had 12 remamrng; 
. ·. the number of apples I had was = 4x+l2. These two expressions for the number of apples must necessarily be equal to each other; 

. ·. 6x-8 = 4x+l2, 
6x-4x = 12+s, 

2x=20; 
:,x= 10. 
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MULTIPLICATION, CASE I.-(p. 26.) 

Ex. 5. Ex.6. Ex. 7. Ex. 8. 

4abc 9x2y2 -4cdx -7ax2y 

3ac -2y 2c -2ac2x 

l2a2bc2 -18x2y3 -8c2dx +I4a2c2x 3y 

CASE II. 

Ex. 4. 

Multiply 12a3-2a2+4a- l 

by 3x 

Ex. 5. 

9a2x+3a-x+I 

- xz 

Product 36a3x-6a2x+l2ax-3x 

Ex. 6. Multiply 4x2y+3x-2y 

by - 3:i:y 

Product -12x3y 2 -9x2y+6xy2 

(p. 27.)-Ex. 8. Multiply a3+3a2b+3ab2+b3 

by a+b 

a4+3a3b+-0a2b2+ ab3 

+ a3b+3a2b2+3ab3+b• 

a4+4aab+6a2b2+4ab3+b• 

(p, 28.)-Ex. 9. Multiply 4x2y+3xy- I 

by 2x2 - x 

8x4y+6 x3y-2x2 

-4x3y-3:1:2y+x 
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(p. 28.)-Ex. 10. x 3-x2+x-5 
2x2+ x +1 

Ex.11. 

Ex. 12. 

Ex. 13. 

2x5-2x4+2x3
- 10x2 

+ x4
- x 3+ x2-5x + x3

- x 2+ x -5 

3a2+2ab-b2 

3a2-2ab+b2 

9a4+6a3b-3a2b2 

-6a3b-4a2b2+2ab3 

+sa2b2+ 2ab3-b4 

xs+ x2y+ :cy2+ya 
x-y 
x4+ xay + x2y2+xya 

- xay - x2y2 - xya-y• 
x4 * * * -y• 

x 2-¾x+I 
x2- ½x 
x4-¾xs+ x2 

-½xa+i x2 - ½x 
x• - ¾-'t'a+ 1f x2 - ½x 

ON THE SOLUTION OF SIMPLE EQUATIONS CONTAINING ONLY ONE UNKNOWN QUANTITY. 
Ex. 3. 6 (x+3) + 4x=58. 

Th.is equation becomes, by multiplying the x+3 within the bracket by the 6 which is without it, 
6x+18+ 4x=58, 

or IS+IOx=58. 
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By transposition, l Ox= 58-18, 
10x=40; 
:.x=4 

(p. 28.)-Ex. 4. 30 (x-3)+6=6 (x+2) 

15 

This equation, after the multiplications have been per­

formed, becomes 
30x-90+6 = 6.x+ 12, 

30x-84 =6x+l2. 

Transposing, 30x-6x = 12 + 84, 
24x= 96; 
:. x=4. 

Ex. 5. 5(x+4)-3 (x-5) = 49. 

Performing the multiplications, 

5.x+20-3x+l5 = 49; 

Collecting the terms, 2x+35 = 49, 
2x=49-35. 
2x=l4. 
:.x=7. 

Ex. 6. 4 (3+2.x )-2 (6-2.x) = 60. 

12+sx-12+4x = 60, 
12x =60, 
:. X =5. 

Ex. 7. 3 (x-2) +4=4 (3-x). 

3x-6+4 = 12-4x, 

3x+4x = 12+6-4, 
7x = 14; 

:. x=2. 

Ex. 8. 6 (4-x) -4 (6-2x) -12=0. 

24-6x-24+Sx-12=0, 
-6x+8x-12=0, 

8x-6x= 12, 
2x= 12; 

:. x=6. 
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PROBLEMS. 

(p. 30.)-PRoB. 4. What number is that to which if 8 be added, twice the sum will be 24? 
Let x denote the number; 

then x+6 = the number, and 6 added to it, 
and 2 ( x+6) = twice this sum. 

But twice this sum is equal to 24; 
:. 2(x+6) =24, 

2x+12 =24, 
2x=24-12, 
2x=l2; 
:.x=6. 

PROB. 5. What two numbers are those, whose difference is 6, and if 12 be added to 4 times their sum, the whole will be 60? 
Let x =-= the less number, 

then x+6 = the greater number; 
:. 2.r+6 = the sum of the numbers, 

and 4 (2x+6) = 4 times the sum of the numbers. 
But 4 times the sum of the Nos. +12 = 60; 

:. 4 (2x+6) +12 = 60. 
sx+24 +12 =60, 

8x+36=60, 
8x=60-36, 
8x=24; 

:. ·.-i;=3, the less No. 
and x+6 = 9, the greater No. 

ProB. 6. Tea at 6s. per Th. is mixed with tea at 4s. per to., and 16 los. of the mixture is sold for £3 18s. How many tbs. were there of each sort ? 
Let x = the number of lbs. at 6s. per lb., 

then 16-.1: = ........................... 4s . ..... . 
:. 6.x = the price in shillings of the former kind, 

and 4 (16-x) = ................................. latter ..... . 
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But the sum of these prices amounts to £3 18s. or to 78s. ; 

:.6x+4 (16-x) = 78, 
6x+64-4x = 78, 

2x =78-64, 
2x= 14; 

:. x = 7 lbs. 
and 16-x = 9 lbs. 

(p. 31.)-PRoB. 7. The speed of a railway train is 24 miles 
an hour, and 3 hours after its departure an express train is 
started to run 32 miles an hour. In how many hours does 
the express overtake the train first started ? 

Let the express overtake the 1st train in x hours ; 
then the 1st train runs x+3 hours ; 

:. 32x = the No. of miles run by the express train, 
and 24(x+3) = ................................. 1st 

But these two expressions, since the trains run the same 
distance, must be equal to each other ; 

:. 32x = 24 (x+3), 
32x = 24 x+72, 

32x-24x = 72, 
8x =72; 

:. x = 9 hours. 

(p. 32.)-PROB. 13. There are two n°umbers whose dif­
ference is 14, and if 9 times the less be subtracted from 
6 times the greater, the remainder will be 33. What are 
the numbers? 

Let x = the less number, 
then x+l4 = the greater number; 

:. 9.x = 9 times the less number, 
and 6 (x+I4) =6 times the greater number. 

But when 9-times the less is subtracted from 6 times the 
greater, the remainder is 33. 

:. 6 (x+I4) -9x =33, 
6x+84-9x =33. 

By transposition, 9x-6x = 84-33, 
3x = 51; 

:. x = 17, the less number, 
and x+I4 = 31, the greater number, 

PROB, 14. Two persons, A and B, lay out equal sums of 
C 
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money in trade; A gains £120, and B loses £80; and now 
A's money is treble of B's. ·what sum had each at first? 

Let x = the number of£ laid out by each, 
then x+120 = A's capital and gain in£, 

and .x-80 = the residue of B's capital after losing £80, 
and A's money is now treble of B's; 

:. x+120 = 3 (x-80), 
x+l20 = 3:i.·-240. 

Transposing, 3x-x = 120+240, 
2x= 360; 

:. x =£180, the sum laid out by each. 

(p. 32.)-PRoB. 15. A rectangle is 8 feet long, and if it 
were 2 feet broader, its area would be 48 feet. Find the 
breadth. 

Let :r = the breadth in feet; 
then x+2 = the breadth, if it were 2 feet broader ; 

Now the area= length multiplied by the breadth, 
=8 (x+2J. 

But by the problem, the area= 48 feet ; 
:. 8 (x+2) =48. 

8x+l6=48, 
8x=48,-16. 
8x=32; 

:. x = 4ft., the breadth required. 

PROB. 16. William has 4 times as many marbles as 
Thomas, but, if 12 be given to each, William will then 
have only twice as many as Thomas. How many li as each? 

Let x = the number Thomas has, 
then 4x = ............... William .. . 
:. x+12 = the No. Thomas has, after 12 are given to him, 

& 4.x+ 12 = ......... William .................................. .. 
But William has now only twice as many as Thomas; 

:. 4x+l2 = 2 (x+l2), 
4x+l2 =2x+24, 
4x-2x=24-12, 

2x = 12; 
:.x= 6, 

and :. William has 24, and Thomas has 6 marbles. 
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(p. 33.)-PRoB. 18. Two rectangular boards are equal in 
area; the breadth of the one is 18 inches, and that of the 
other 16 inches, and the difference of their lengths 4 inches. 
Find the length of each, and the common area. 

Let x = the length in inches of one board, 
then x+4 = . . . . . . . . . . . . . . . . .. . . . . . . . . . the other ; 

:. the area of the pt board= 18x, 
and .................. 2d ...... = 16 (x+4). 

But by the problem the two areas are equal; 
:. 18x = 16 (x+4), 

18x = 16x+64; 
18x-16x=64, 

2x=64; 
:. x = 32, the length of one board, 

and x+4 = 36, . . . . . .. . . . .. . . . the other ..... . 
in. in. 

The area of the 1st board= 32 X 18 = 576 sq. inches, 
.................. 2d ...... =36Xl6 =576 ........... . 

Hence, it is evident, that the areas of the two boards are 
the same, and that their common area is 576 square inches. 

(p. 34.)-PRoB. 21. A weight of 6 !os. balances a weight 
of 24 !os. on a straight lever (supposed to be without 
weight), whose length is 20 inches; if 3 !o8. be added to 
each weight, how many inches must be added to the shorter 
arm, in order that the lever may in its original position 
retain its equilibrium ? 

In the solution to problem 20 (vide Algebra), it has been 
found, that the arms of the lever, in its original position, 
are 4 and 16 inches respectively. 

Let then x = the No. of inches by which the shorter arm 
is lengthened, 

And the lengths of the arms will be x+4 and 16 inches 
re ,-pectively, 

And the weights corresponding to them will be 27 and 
9 lbs. respectively; 

H ence, in order that the lever may still retain its equi­
librium, we must have the equality; 

27 (x+4) = 9X 16, 
3 (x+4) = 16, 
3x+l2= 16, 

3x= 4; 
:. x = I½ inch. 



20 KEY TO · ALGEBRA.. 

(p. 34.)-PRoB. 22. A garrison of 1000 men was vic­
tualled for 30 days ; after 10 days it was reinforced ; and 
then the provisions were exhausted in 5 days. Find the 
number of men in the reinforcement ? 

At the time tbe reinforcement arrived, the provisions re­
maining unconsumed were sufficient to have lasted the 
g·arrison for 20 days: 

Then, if x be the number of the reinforcement, it is evi­
dent that we must have the equality; 

(x+1000) 5 = 1ooox20, 
5x+5000 = 20000, 

5x = 15000; 
:. x = 3000, No. of the reinforcement. 

PROB. 23. Two triangles have each a base of20 feet; but 
the altitude of one of them is 6 feet less than that of the 
other, and the area of the greater triangle is twice that of 
the less. Find their altitudes. 

Let x = the altitude in feet of the less triangle, 
then x+6 = .............................. greater ..... . 
:. the area of the less triangle= ½ (20 Xx) = I Ox, 

and the area of the greater ...... =-Hx+6)X20=10(x+6) 
But by the problem, 

10 (x+6) = 2X lOx; 
:. x+6=2x; 

:. x = 6 in., the altitude of the less triangle, 
and x+6 = 12 ........................... greater ..... . 

PRoB. 24. A and B began to play with equal sums ; A 
won I 2s.; then 6 times A's money was equal to 9 times B's. 
What had each at first ? 

Let x = the No. of shillings each began to play with; 
then x+12 = A's money after winning 12s.; 
and x-12 = B's ............ losing 12s. 

:. by the problem, 9 (x-12) = 6 (x+12), 
9x-108 = 6x+72, 
9x-6x = n+1os, 

3x = 180, 
:. x=60s.=£3. 

(p. 35.)-P&oB. 25. A company settling their reckoning 
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at a tavern, pay 4 shillings each; but observe, that if there 

had been five more, they would only have paid 3 shillings 

each. How many were there ? 

Let x = the number of the company; 

then x+5 = ............... if there had been 5 more ; 

:. 4x = the amount the company paid in shillings, 

and 3 (x+5) = the amount paid, if there had been 5 more. 

But what they actually paid, and what they would have 

paid if there had been 5 more, were the same in amount, 

viz., the reckoning ; 
:. 4x = 3 (x+5), 

4x=3x+l5; 
••. x = 15, the No. of the company. 

(p. 35.)-PRoB. 26. Two persons, A and B, at the same 

time set out from two towns 40 miles apart, and meet each 

other in 5 hours; but B walks 2 miles an hour more than A. 

How many miles does A walk in an hour? 

Let x = the number of miles A walks in an hour, 

then x+2 = . . . . .. .. .. . . . . .. . .. . . . . . B ................... .. 

. ·. since they each walk 5 hours before they meet, 

5x = the number of miles A walks, 

and5(x+2)= ........................ B ..... .. 

But the number of miles which both A and B walk, is 

the distance between the two towns, or 40 miles ; 

•·. 5x+5 (x+2) =40, 
5x+5x+ 10 = 40, 

DIVISION. 

Ex. 4. 

Divide 25a3c2 by -5a2c. 

+25a3c2 

5 2 =-5ac. 
- ac 

1ox+10 =40, 

.. 
l0x = 40-10, 
10x=30; 
.·. x=3 miles • 

CASE I.-(p. 36.) 

Ex. 5. 

Divide - l 4a3b2c by 7 ac. 

-14a3b2c · = -2a2b2• 
+1ac 
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(p. 36.)-Ex. 6. Divide -20x2y 2z3 by -4yz. 

CASE II.-(p. 37.) 

Ex. 3. Divide 4x3-2x2+2x by 2x. 
4x3 2x2 2x 
- - -+-=2x2-x+I. 2x 2x 2x 

Ex. 4. 

Ex. 5. Divide.14ab3+7a2b2-2la2b3+35ab3 by 7ab. 
l4ab3+7a2b2-2la2b3+35ab3=14ab 3 7a2b2 

_ 2la2b3 35ab3 

7ab 7ab + 7ab 7ab + 7ab 
= 2b2+ab-3ab2+sb2

• 

CASE III.-(p. 40.) 

Ex. 7. 

a+b) a4+4a3b+Ba2b2+4ab3+b4 
( a3+3a2b+sab2+ba 

a4+ a3b 
----
* 3a3b+6a2b2 

3a3b+sa2b2 

* 3a2b2+4ab3 

3a2b2+sab3 

* ab3+b4 
ab3+b4 
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(p. 40.)-Ex. 8. 

a3-3a2x + 3axZ-z3 )a5 -5a4x + 10a8x2 - 10a2x8 + 5ax4 -x5 ( a2-2ax + x2 

a 5 -3a4x + 3a3x2 - a 2x3 

* -2a4x+ 7a3x2-9a2x 3+5ax4 

-2a4x+ 6a3x2 -6a2x 3+2ax4 

* + a3x2-3a2x3+3ax4-x5 

5 + a3x2 -3a2x3+3ax4-x 

* * * * 

Ex. 9 

5.x8-4x2)25x6-x4-2x3-8x2
( 5x3+4x2+sx+2 

25x6 -20x5 

* +2ox5
- x 4 

+20x5-16x4 

* +15x4
- 2x3 

+1bx4-12x3 

* +IOx3-8x2 

+IOx3-8x2 

* * 

Ex. 10. 

a+2x) a•+Sa3x+24a2x2+32ax3+ l 6x4 
( a 3+6a2x+ 12axz+sx• 

a4+2a3x 

* 6a3x+24a2x2 

6a3x+l2a2x2 

* 12a2x2+32ax3 

12a2x~+24ax3 

* 8ax1+l6x4 
8ax3+I6x4 

* • 
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(p. 41.)-Ex. 11. 

a-z )a5-.r( a'+a8x+a2x2+az1+%• 
a5-a4x 

* +a•x-.r 
+a4x-a3x2 

* +asx2-xs 
+asx2-a2xa 

* +azxs- x5 
+a2x 3-ax4 

* +ax4-x5 
+ax4-x5 

• • 
Ex. 12. 

8z'-3x )6x•+9x2-2ox(2x2+2x+5-
5
z 6x•-6xa 3x2-3z 

* +6x3+ 9x2 

+6x3
- 6x2 

* +I5x2-20x 
+15x2-l5x 

* - 5x 

Ex. 13. 

z 2-4z-5 )9x5-46x5+95x2+l5ox( 9zt-lO.r+5x1-30x 9x6-36x5-45x4 

* -I0.1:5+45x'+95x2 
-10x5+40x'+50x3 

• +5x'-50.x3+95x2 

+5x4-20x3-25x2 

• -30x3+12ox2+I50.x 
-30x3+ l 20x2+150x 

* * * 

.,. 
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J (p. 41.)-Ex. 14. 

~----x--2 )x•-¾!x3+x2+!z-2( ¾.x8-t.r2+1 
zt-ix3 

* -ix3+xz 
-jxa+xz 

• * +tz-2 
+¼x-2 

• • 

PROBLEMS PRODUCING SIMPLE EQUATIONS CONTAIN­

ING ONLY ONE UNKNOWN QUANTITY. 

(p. 42.)-PRoB. 3. A cistern is filled in 20 minutes by 3 

pipes, one of which conveys 10 gallons more, and another 

5 gallons less, than the third per minute. The cistern holds 

820 gallons. How much flows through each pipe in a 

minute? 
Let x gallons flow through 34 pipe per min. -

then x+IO ........................... Jst ••.•........•.• 

and x-5 ........................... 2d •..• ., ....•..•.• 

• •• taking the sum of these, we get 

3x+5 = the galls. conveyed by all three per min. 

:. 10 (3x+5) = .................................... in 20 ..... . 

But the cistern, which is filled in 20 minutes, holds 820 

gallons, 
:. 20 (3x+5) =820, 

3x+5 =41; 
3x=36; 

:. x = 12, galls. conveyed by 34 <1rmin. 

x+ 10 = 22, • . . • •• ••. ••• ••• • •• •••. .• l ,t •••••• 

andx-5=7, ........................ 2d •••••• 

PaoB. 4. A and B have the same income: A lays by f 
of his; but B spending £60 a-year more than A, at the end 

of 4 years finds himself £160 in debt. What did each an­

nually receive ? 
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LP-t 5x = the income of each in £ 
then x = what A lays by annually; 
:. 4 x = .. . .. .. . . spends ........... . and 4x+6o = what B spends .......... .. 

But B is running into debt; it is clear therefore that his expenditure - his income= bis debt; 
:. (4x+60)-5x=B's annual debt, and in 4 years he incurs a debt of £160; 

... 4 { (4x+6o)-5x)} = 160, 
4x + 60-5x = 40, 

60-x=40; 
:. x=20, 

and 5x = £100, the income of each. 
PROB, 5. A met two beggars, B and C, and having a cer­tain sum in his pocket, gave B ¼th of it, and C -}ths of the remainder: A now had 20d. left; what had he at first? 

Assume 30x = the No. of d., which A had at first, then t of 30x, or 5x = ........................ A gave to B. 
Now, the money which A gave deducted from what he had is the remainder ; 

:. the remainder= 30x-5x = 25x. Of this remainder A gave j th8 to C, or f t h8 of 25x = I5x; then A had left 25x-15x= l0x. 
But what he had left is by the problem= 20d. 

:. I Ox =20, 
and 30x = 60d. = 5s. 

PROB. 6. A person has two horses, and a saddle worth £60 ; if the saddle be put on the first horse, his value will become double that of the second ; but if it be put on the second, the value will become triple that of the first. What is the value of each horse ? 
Let 2x = the value of the 1st horse in £ then 2x+60 = double the value of the 2d horse in£ :. x+3o = the value of the 2d horse in £. 

But the saddle being put on the 2d horse makes his value triple that of the pt; 
:. (x+3o)+6o = triple the value of the Ist horse: 

But 2xX3 = ···········•······•··•••··••••·••··•··· 
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Equating therefore these two equal values, 

2xX3 = (x+;3o)+6o, 
6x=x+9o, 
5x=90, 
x= 18; 

:. 2x = £36, the value of the 1st horse, 

and x+3o = £48, ..................... 2d ..... . 

27 

(p. 43.)-Paon. 8. A person at play lost a third of his 

money, and then won 4s.; he again lost a fourth of his 

money, and then won 13s.; lastly, he lost an eighth of what 

he then had, and found he had 28s. left. What had he at 

first ? 
In the solution of this problem, the coefficient of i:, which 

is to be assumed, must be a multiple of 3, 4, and 8 ; since 

the fractions ½, ¾, ½, are involved in the problem. The least 

multiple of 3, 4, and 8, is 24. Assume, therefore, 

24x = the number of shillings he had at first. 

First of all he lost½ of his money; consequently, be bad 

i of it left; 
:. what he had left was = i of 24x = l 6x. 

After this loss, he won 4s. 

and :. he then had a sum in shillings= l6x+4. 

He again lost ¾ of his money, and :. h_ad ¾ of it left; 

:. he now had left a sum=¾ (16x+4) = 12x+3. 

He now won 13s., and 

:. he again had a sum= 12x+16. 

Finally, he lost -k of this last sum of money, and :. he 

had i of it left ; 

:. he now had remaining a sum in shillings= f (12x+l6). 

But the money which in the end he had left, is stated in 

the problem to be 28s. Hence, we have the equation, 

t (12x+I6) = 28, 
12x+l6 =4X8, 

12.x= 16; 
:. 24x = 32s. = £1 12s. 
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CHAPTER III. 
ON A.LGEBRA.IC FRA.CTIONS. 

To reduce a mixed Quantity to an improper Fraction. 
(p.45.)-Ex. 4. Reduce 4ab +::to an improper fraction. 

2c 4ab X 3a+2c l 2a2b+2c Here 4ab+ Sa= Sa = Sa 

Ex. 5. Reduce 3b2
- :: to an improper fraction. 

H 3b2 
4a 3b2 X5x-4a l5b2x-4a. ere --= 5x 5x 5x 

E Rd a2-ax . . x. 6. e uce a-x+-- to an improper fraction; X 

a2-ax ax-x2+a2-1tx Here a-x+--=--------x X 
a2-x2 

=--, (since ax-ax=O.) X 

4x-9 Ex. 7. Reduce 3x2 - 10 to an improper fraction. 
4.x-9 3x2 Xl0-(4x-9) 30x2-4x+9 Here 3x2------io-= 10 = 10 • 

To reduce an improper Fraction to a mixed Quantity. 
4x2 -5a (p. 46.)- Ex. 3. Reduce 

2x to a mixed quantity. 
4x2 . h . Here 
2x = 2z 1s t e integral part, 

-5a 5a. and 2:c = - 2.r 1s the fractional pa~t, 

h . d . . d 5a .•. t e mixe quantity reqlllre =2x-2x. 
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l2a2+4a-3c . . 

(p. 46.)-Ex. 4. Reduce 4
a to a rmxed quantity. 

l2a2 4a 3c 3c 

-+-- -=3a+I--. 
4a 4a 4a 4a 

I0x2y+3x3 -2b2 

Ex. 5. Reduce 2 
to a mixed quantity. 

X 

IOx2y+3x3 -2b2 10x2y 3x3 2b2 2b2 

x 2 = ~+~ - xi =IOy+3x-7a' 

which is the mixed quantity required. 

To reduce Fractions to a common Denominator. 

(p. 47.)-Ex. 4. 

3x 4bx 5x2 

Reduce -, - and - ' to a common denominator. 

5 3a ' a 

3x xsax a= 9a2x ~ 
4bx X 5 X a= 20abx the new numerators, 

5x2 X5 X3a=75 ax2 

5 X 3a X a= 15a2, the new denominator; 

9a2x 20 abx 75ax2 

hence the fractions required are 15a2 ' lba2 ' 15a2 • 

Ex. 5. 

2x+3 5x+I 
Reduce -- and - 3

- to a common denominat(.tr. 

X 

hence 

Here (2x+3) X3= 6x +9 ( h 
(5x+I)Xx= 5x 2+x St e new numerator~ 

x X 3 = 3.r, the new denominator,; 

. . 6x+9 5x2+x 

the reqmred fractions are~ , and ~ • 

Ex. 6. 

4x2+2x 3.r2 2x 

Reduce 5 
' 4

a ' 3 b ' to a common denominator 

• 
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( 4x2+2x) X 4a X 3b = 48abx2+24ab.r 
3x2 X5 X3b =45bx2 

2x X5 X4a = 40ax 
5 X4aX3b =60ab 

48abx2+24abx 45bx2 40ax · · 60ab ' 6oab ' 60ab' are the required fractions. 

(p. 47.)-Ex. 7. 
Reduce 7x

2

-l and 4x
2

-x+2 to a common 2x 2a2 denominator. 
(7x2-l) X2a2 = 14a2x2-2a2 

(4x2 -.x+2) X2x = 8x3 -2x2+4x 
2x X 2a2 = 4a2x 

·. . 14a2.r2-2a2 8xa-2x2+4x . ·. the requrred fract10ns are 
2 'and 

4 4a x a2x 

To reduce a Fraction to its lowest Terms. 
10xa (p. 48.)-Ex. 4. Reduce 
15

x 2 to its lowest terms. 
The greatest common divisor, that the numerator and the denominator admit of, is 5x2 ; :. dividing them both 

h f . 2x h' l . . h 1 
by 5x2, t e ract10n becomes 3 , w 1c 1 1s m t e owest 
terms. 

Ex. 5. 3abx2 

Reduce - 6-- to its lowest terms. ax 
The greatest common divisor is 3ax; .·. after division, 3abx2 bx --=-, which is in the lowest terms. 6nx 2 

Ex. 6. l 4x2y2 - 21 x 3y 2 
Reduce 

7 3 to its lowest terms. xy 
Here the greatest common divisor is 7 x 2y; 
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l 4x2y2-2 l x 3y 2 

.·• 7x2y =2y-3ry, 

7x3y 
and 7-----.-

--- = x. 
x-y 

H h f 
. . . 

1 
. 2y-3xy 

ence, t e ractlon m its owest terms 1s --=----"-, 
X 

(p. 48.)-Ex. 7. 

51x3 - l 7x2+34x 
Reduce 17 x

a to its lowest terms. 

31 

The greatest quantity, which will divide both the nume­

rator and the denominator without remainders, is l 7x. 

5lx3 -l7x2+34x 
.·. 17x =3xz-x+2, 

and 
l 7x3 

17.r 
= xz 

H h f 
. . . 1 

. 3x2-x+2 

ence t e ractlon m its owest terms 1s 2 
• 

X 

ON THE A.DDITION, SUBTRA.CTION, M:ULTIPLICA.TION, 

A.ND DI-VISION, OF FRACTIONS. 

To add Fractions together. 

3.Z' 5.r 4.r 

(p. 50.)-Ex. 4. Add 7 , g' and 11 ' together. 

3xX9X 11 =297.x 

5xX7 X 11 =385x 

4xX7X 9 =25·2x 

7 X9Xll =693 

. 297x 385x 252x 934x 

Hence the sum of fract10ns = 693 
+ 

693 
+ 693 

=
693 

, 

Ex. 5. 
3a2 2a 3b 

Add - ' - ' and - ' together 
2b 5 7a · 
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Here 3a2 X 5 X 7 a = l05a3 

2a X 2b X 7 a = 28a2b 
3b X2bX5 = 30b2 

2b Xf> X7a =10ab 
l05a3 28a2b 30b2 105a3+2sa2b+30b2 :. the sum= 70ab + 70ab + 70ab = 70ab • 

{p.50.)-Ex. 6. 
2x+1 4x+2 x Add-3-' -

5- ' and 7' together. 

(2x+l)X5X7 =70x+35 
(4x+2) X3X7 =84x+42 

xX3X5= 15x 
3X5X7 =105 

70x+35 84x+42 t5x l69x+77 .·. the reqd. sum= 105 + 105 + 105 = 105 

Ex. 7. 
5a2+b 4a2+2b Add 3b and 56 together. 

(5a2+ b) X5b = 25a2b+5b2 
( 4a2+2b) 0 3b = 12a2b+6b2 

3bX5b = I5b2 
25a2b+5b2 l2a2b+6b2 37a2b+1Ib2 . ·. the sum= l5bz + I5b2 = l5b2 

f di 'd' r d d r b b) 37a2+Ilb = (a ter v1 mg num. an en. y 
15b · 

Ex. 8. 
2x -5 ·-~~ x-1 

Add - 3- and~ together. 

(2x-5 ) X 2x = 4x2
- l0x 

(x-l ) X3 =3x - 3 

3X2x=6x 
. 4x2-l0x 3x-3 4x2-7.x-3 . ·. the sum of fractions= 

6 x + ~ + 
6 x 

Ex. 9. 
:C X 

Add x-3 and x+a together. 
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xx(x+3) =x2+3x 
xx (x-3) = x2-3x 

(x-3) X (x+3) =x2-9 

. x2+3x .Z-2 -3,t" 

.•. the sum of the fractions= 2 9 + 2 9 x- x-

· a+b a-b 
(p. 50.)-Ex. 10. Adda-band a+b together. 

( a+b) X ( a+b) = a2+2ab+b2 

(a-b) X(a-b) = a2 -2ab+b2 

(a-b) X(a+b) = a2-b2 

a2+2ab+b2 a2-2ab+b2 2a2+2b2 

.· .. the sum= a2-b2 + a2-b2 = a2-b2 · 

To subtract Fractional Quantities. 

4x 9x 

(p. 51.)-Ex. 5. Subtract 5 from 10, 

4xXI0=40x 
9xX 5=45x 

5 XlO =50 
45x 40x 5x z 

.·. the difference of the fractions= 50 - · 50 = 50 = 10• 

5x+I 2Ix+3 
(p.52.)-Ex. 6. Subtract-7-

from 4 
· 

(5x+I)X4= 20x+ 4 

(2Ix+3) X 7 = 147x+21 

7X4=28 

. 147x+2l 20:c+4 127.x+I 7 

. ·. the difference = 28 - 28 = 28 • 

Ex. 7. 
3x+J 4x 

Subtract x+ 1 from 5 · 

(3x+l)Xb = I5x +5 

4xX (x+I) = 4x2+4z 

(.x+I) Xb = 5x+5 
D 

33 
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. 4x2 +4x · l5x+5 4x2
- l lx-5 . ·. the difference= bx+b - bx+5 = 5x+5 • 

2x-3 4x+2 (p. 52.)-Ex. 8. Subtract a;- from - 3- · 

(2x-3) X3 = 6x -9 
(4x+2) X3x= 12x2+6.x 

3xX3 = 9x 

l2x2+6x 6x-9 12x2+9 4x2+a · . ·. the difference = ---'-- - --= ----'-- =---. 9x 9x 9x 3x 

1 1 Subtract--from--• a+b a-b 
Ex. 9. 

lX (a-b) = a -b 
1 X ( a+b) = a +b 

(a-b) X (a+b) =a2-b2 

. a +b a -b a+b-a+b 2b :. the difference= a2-b2 - a2_ 62 = a2-b2 = a2-b2 . 

Ex. 10. 
3x-7 4x Subtract -

8
- from 7 . 

(3x-7) X 7 = 2lx-49 
4xX8=32x 

8 X7=56 

:. the difference of fractions= 
32

6
x -

21
x-;

49 
= llx+49

. 5 5 56 

1'o multiply Fractional Quantities. 

(p. 53.)-Ex. 5. 
. 2x 3x Multiply--by-· x-1 7 

H 
2x 3x 2xX3x 6x2 ere -- X - = ---- = --x-1 7 (x-l)X7 7x-7' 
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3x2-x lO 
(p. 53.)-Ex. 6. Multiply - 5

- by 2x2 _ 4x. 

3x2 -x 10 (3x-1)xX2X5 

5 X 2x2 -4x = 5X2x (x-2) 

(3x-l) X 1 3x-l 

l X (x-2) = x-2 • 

Ex. 7. 
2a a2-b2 

Multiply a-b by -e-

2a a2 -b2 2aX (a+b). (a-b) 

a-bX-s-= (a-b)X4X2 

a X (a+b) a2+ab 
- 4 -4-· 

. 3x2 b 15x-30 
Ex. 8. Multiply 5x-lO Y 2x 

3x2 l5x-30 3xX.tX3(5x-lO) 
--x---=-------
5x-10 2x (5x-lO)X2Xx 

3xX3 
=-2-

9x 
=·2· 

On the Division of Fractions. 

(p. 54.)-Ex. 4. D. ·a 4x b 9x 
IVI e- Y-· 

7 5 

4x 9x 4.x 5 4X5 20 
7 : 5 - 7 X 9x = 7 X 9 = 63. 

Ex. 5. D. ·a 4.1:+2 b 2x+ 1 
lVl e -- Y ---. 

3 DX 

4x+2 . 2x+1 2(2x+l) 5x IOx 
-- . --- -x----. 

3 5x 3 2x+I 3 

35 
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x 2-9 x+3 (p. 54.)-Ex. 6. Divide -
5

- by -
4
-· 

x 2-9 . x+3 (x+3).(x-3) 4 
-5 --;- -4-= 5 X x+s 

9x2-3x x 2 
Ex. 7. Divide . 

5 
by 5 . 

4.x-12 
5 

9x2-3x x 2 x (9x-3) 5 9x-3 
5 7 5= 5 X x2=-x-• 

SIMPLE EQUATIONS CONTAINING ONLY ONE UNKNOWN 
QUANTITY. 

(p. 56.)-Ex. 4. 

Multi ply each side by 3, and 2x + 3: = 66, 

.. • . .. . .. • • • • • • . . • .. • • .. • • • 4 • . . 8x+3.x = 264, 

Ex. 5. 

llx=264; 
.•. X=24. 

Let 
7 X _ 5x = 55 
4 6 6. 

M 1 . l h 'd d 20x 220 ... u tip y eac s1 e by 4, an 7x- 6 = 6 ' 
........................... 6, ... 42x-20x=220, 

Ex. 6. 

22x=220; 
.·. x=I0. 

The least common multiple of 2, 3, 5, is 30; .·. multi­
plying each side of the equation by 30, we get 

30x+30x 30x 
2 3= 930-5' 
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or 15x+I0x=930-6x, 
25x = 930-6x, 

25x+6x = 930, 
31x=930; 
•·. x=30. 

2X X X 

(p. 58.)-Ex. 7. Let 5 - 6+2=44. 

37 

The least com. mult. of 5, 6, 2, is 30; :. mult. each side by 30. 

I2x-5x+l5x = 1320, 
22x = 1320; 
;, X =60. 

X X 

(p. 59.)-Ex. 8. .x+ 2+ 3=11, 

Multiply by 6, and 6x+sx+2x = 66, 
llx=66; 
.·.x=6. 

Ex. 9. 

Multiply both sides of the equation by 60, which is the 

least common multiple of 5, 4, 3, 2, and 

12x+l5x+2ox = 30x+1020, 
47x = 30x+1020. 

By transposition, 47x-30x = 1020, 
17x= 1020; 
:. x=60. 

3x 110 
Ex. 10. 4x-20= 7 + 7 . 

Multiplyby7, and28x-l40=3x+110. 

And, transposing, 28x-3x = 110+140, 
25x=250, 
:. X= 10 . 

.x X X l 
Ex. ll. 2+3-4=2· 

Multiply by 12, and 6x+4x-3x=6, 

7x=6. 
6 

.·.x=7 
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(p. 59.)-Ex. 12. 
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1 x+3 
ax+g=-3-· 

Multiply by 9, and 27x+l = 3x+9. 
By transposition, 27x-3x = 9-1, 

24x=8. 
Divide both sides by 8, and 3x = I ; 

Ex. 13. 

1 
:. X=3• 

3x 
--5=29-2x. 7 

Multiplying by 7, 3x-35 =203-14x. 
By transposition, 3x+ l 4x = 203+35, 

17x= 238; 
,', X ;= 14. 

3x 
Ex. 14. 6x- 4 -9=5X. 

Multiply by 4, then 24x-3x-36 = 20x, 
2lx-36 =20x. 

:. by transposition, 2lx-20x = 36, 
and x=36. 

x+3 12x+26 
Ex.15. 2x--

3
-+15= 

5 
• 

Multiply by 15, and 30x-5x-15+225 = 36x+n;, 
25x+210 = 36x+7B. 

And transposing, 36x-25x =210-78, 
llx= 132; 
.·.x=l2. 

Ex. 16. 

Ex. 17. 

x-2 x x-6 
-2-+a= 20--2-· 

3.r-6+2x = 120-3x+l8, 
5x-6 = 138-3x, 

5x+3x = 138+6, 
Bx= 144; 

.·. x=l8. 

2x-l x+2 
5x--3--+1 =3x+-

2
-+7. 
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30x-4x+2+6 = 18x+sx+6+42, 

26x+8 =2Ix+48, 
26x-2Ix =48-8, 

5x=40; 
.·.x=8. 

Ex. 18. 2ax+b = 3cx+4a. 

By transposition, 2ax-3cx = 4a-b, 

or (2a-3c) x = 4a-b; 
4a- b 

.·.x=2 3 · a- C 

( 61 ) E 23 
3x-3 _ ~ _ 5

1._ 27+4.x. 

P· · - x. · 4 3 - a 9 

39 

Multiply by 36, and 27x-27-36x+48 = 192-108-16x. 

Collg. the terms on each side -9x+21 =84-16x. 

By transposition, 16x-9x = 84-21, 
7x=63; 

.·. x=9. 

Ex. 24. 
9.x+20 4.x- I 2 +.:: 

36 5.x-4 4· 

144x-432 
Multiplying by 36, 9x+20 = 5

x_4 
+9x, 

144x-432' 
20 = _5_x ___ 4_• 

Mult. by 5x-4, and l00x-80 = 144x-432, 
144x-100x = 432-80, 

44x=352; 
.·.x=B. 

Ex. 25. 
20x+36 + 5x+20 

25 9x-I6 
4x+86 
5 25' 

I25x+500 
Mult.by25,and20x+36+ 9x

_ 16 =20x+86. 

125.x+500 
9.x-16 = 5o, 

I25 x+500 = 450x-800, 

450x-I25x = 500+800, 
325x= 1300; 
•· . .x=4. 
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2x+8½ _ 13x-2 +==7x _ x+16. Ex. 26· 9 17x-32 3 12 36 
468x-72 Mult . by 36, and8x+34- 17x_32 +12x=2lx-x-16. 

468x-72 50= 17x-32' 
850x-1600 = 468.x-72, 
850x-468x = 1600-72, 

382x= 1528; 
.·. x=4. 

Ex. 27. 4 (5x-3)-64(3-x)-3 (12.x-4) = 96. 
By performing the multiplications, which are indicated, the equation becomes 

Ex. 28. 

20.x-12-192+64x-36x+I2 = 96, 
48x- l 92 = 96, 

48x=288; 
:. X =6• 

10(.x+½)-6.x (;-~)=23. 

10x+5-6+2x =23, 
12x-l =23, 

12.x =24; 
,'. X =2. 

30+6.x + 60+8.x 48 Ex. 29. x+l x+3 14+ x+l 

60+68x+Sx2 Mult. by x+I, and 30+6.x+ x+a = 14x+I4+48. 
. . 60+6sx+8x2 

By transpos1t10n, x+3 = 8x+32. 
Multiply by x+a, and 60+68x+sx2 = 8x2+56x+96 

6Sx-56x = 96 -60, 
12x=36; 
.'. X =3. 
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PROBLEMS. 

(p. 63.)-PRoB. 5. What number is that to which, if I add 

20, and from ids of this sum I subtract 12, the remainder 

shall be 10? 

Let x be the number; 

then x-f-20 = the number, with 20 added to it, 

2(x+20) . 
and 3 

= ids of this sum. 

But 12 being subtracted from ids of this sum, the remain­

der shall be 10: 
2(x+20) 

:. 3 
-12= IO. 

2(x+20) 
3 

22, 

2x+40=66, 
2x=26; 

.•.x=l3. 

PROB. 6. What number is that, of which if I add ¼4 , ¼'h, 

and fh 11, together, the sum shall be 73 ? 

Let x be the number; 

X 
then 3 = ½4 the number, 

~- .lth 4 - 4 ••••••••••••••• 

2.x 
--'2tba 7 -,.. ••••••••••••••• 

Hence, by the conditions of the problem, we have 

X X 2.x 
3+4+7= 73-

MultipJy by 84, and 28.x+21x+24.x= 73X84, 
73.x = 73 X84; 
•• • .x =84. 

P&oB. 7. What number is that whose ½4 part exceeds ita 

f th part by 72? 
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Let x denote the number ; 

then ~ = its ½d part, u 

X • 
and 5 = its fh ..... . 

X X 
Hence 3 - 5 =72, 

5x-3x = 1080, 
2x = 1080; 

.·. x=540. 

PROB. 8. There are two numbers whose sum is 37, and if 3 times the less be subtracted from 4 times the greater, and this difference divided by 6, the quotient will be 6. What are the numbers ? 
Let x = the greater number; 

then 37 -x = the less ........ . 
. ·. 4x = 4 times the greater number, 

and 3 (37-x) = 3 ...•........ less ...•.•... 
Hence, by the conditions of the problem, 

4x-3 (37-x) 
6 =6. 

4x-111+3x=36, 
7x=l47; 

.·. x =21, the greater number, 
and 37 -x = 16, the less ........ . 

PRon. 9. There are two numbers whose sum is 49; and if f th of the less be subtracted from ¼,th of the greater, the remainder will be 5. What are the numbers? 
Let x = the greater number; 

then 49-x = the less ........ . 
X . •. 5 = ;}th of the greater number, 

d 
49-X - l th an -

7
- - ..,,- •.•••• less ........... 

X 49-x :. by the problem, 5- -
7-=5, 
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7x-245+5x= 175, 
12x = 175+245, 
12x =420; 
:. x = 35, the greater number, 

and 49-x = 14, the less ....... .. 

43 

(p. 63.)-PRoB. 10. To divide the number 72 into three 

parts, so that ½ the first part shall be equal to the second, 

and f th5 of the second part equal to the third. 

Assume I Ox= the pt part, 
then 5x = ... 2a ..... . 

and 3x = ... 3a .... .. 

:. 10x+5x+3x = 72, 
18x =72; 
:. x=4. 

Hence 1 Ox = 40, the I st part, 
5x=20, ... 2d .... .. 

and 3x = 12, ... 3a ..... . 

PROB. 11. A person after spending fh of his income plu$ 

£IO, had then remaining ½ of it plus £35. Required his 

income. 
Let x = his income in £ 

then g + 10 = what he sp_ent of it; 

.·. x-(1+10)=what he had left. 

But this is by the problem =½his income + £35, 

X X 

.·. x- 5-10=2+35, 

l0x-2x-100 =5x+350, 
3x=450; 

. ·. x = £150, his income. 

PROB. 12. A gamester at one sitting lost fh of his mo­

ney, and then won 10 shillings; at a second he lost ¼d of 

the remainder, and then won 3 shillings; after which he 

had 3 guineas ·left. What money had he at first; 

Let x = the money in shillings he had at first ; 

Then, since at the l8t sitting he lost t th of his money, he 
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had }tbs of it left, or 4
x: he now won IOs., and •·• the 5 

4x money he now had, was = 5 +10. 
At the 2d sitting he lost ¼d of this last sum, and . ·, he had 

f . 2 (4x ) H . left ids o 1t, or 3 5 +10 . e agam won 3s; 

2(4.x ) •·• he had left after the 2d sitting a sum =s 5 +10 +3. 
But, by the problem, this sum = 3 guineas, or 63s ; 

2(4.x ) ... 3 5+10 +3=63, 

2(4.x ) 3 5+10 =60, 
4x 
5+10=90, 

4x 
5=80; 

:, X = 100s, =£5, 
(_p. 63.)-PRoB. 13. Divide the number 90 into four such parts, that the first increased by 2, the second diminished by 2, the third multiplied by 2, and the fourth divided by 2, may all be equal to the same quantity. · 

Assume x-2 = the pt part, 
.:c+2 = ••• 2d •••••• 

X 
-- 3d 2 - ••• • ••••• 

and 2x = ... 4lh 
X :. z-2+x+2+ 2 +2x = 90, 

z 
2 +4x=90, 

z+8x = 180, 
9x = 180; 

:. x=20. 
Hence the parts are 18, 22, 10, and 40. 
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(p. 63.)-PRoB. 14, A merchant has two kinds of tea, 

one worth 9s. 6d. per lo., the other 13s. od. How many 

los. of each must he take to form a chest of 104 los., which 

shall be worth £b6. 

Let x = the No. of lbs. at 13s. 6d. per lb. 

then 104-x = ..................... 9s. 6d . .... .. 

:. 27 x = the price in sixpences of the 1 iil kind, 

19(104-x)= ••••••••••••••••••••••••••••••••• 2d •••••• 

Now the value of both kinds is £56, or 2240 sixpences ; 

:. 27x+19 (104-x) = 2240, 

27x+l976-19x =2240, 
8x = 2240-1976, 
8x=264; 

:. x = 33, No. of lbs. at 13s. 6d. 

and 104-.r = 7 l, ... . ... .. . . .. .. 9s. 6d. 

(p. 64. )-PROB. 16. A man and his wife usually drank a 

cask of beer in 10 days, but when the man was absent it 

lasted the wife 30 days; how long would the man alone 

take to drink it ? 

Let x = the No. of days the man took to drink the beer, 

and if the beer in the cask be represent13d by l ; 

then :o = the beer drunk by the man and wife in 1 day, 

1 
and-= 

X 

1 l 
························ 

man 

...........•....•...•... the wife 

Now the beer drunk by the wife in I day, multiplied by 

30, is equal to the beer in the cask; 

:. (-
1 

- !) 30 = I 
10 X ' 

0 
3--=l, 

X 

30 -'). 
x- .. , 

;. z= 15 days. 
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PROB. 17. A cistern has 3 pipes ; two of which will fUl 
it in 3 and 4 hours respectively, and the third will empty it 
in 6 hours ; in what time will the cistern be full, if they be 
all set a-running at once? 

Let x = the No. of hours in which the cistern is filled; 
and, if 1 represent the contents of the cistern, 

then~= the part of it filled by the l5t pipe in 1 hour, 

1 
-4 2d •••••••••••••••••• 

1 
and 6 = ......... emptied by the 3d pipe ........... . 

Therefore, since the two first pipes have a tendency to 
fill, and the 3d to empty the cistern, 

1 1 1 
3 + 4 - 6 = the part of it actually filled in 1 hour, 

and G +¼- ~) x = .................................... x hours. 

But the cistern, which is denoted by 1, is filled in x hours; 

· (~ +! - !) x-l .. 3 4 6 - ' 
(4+3-2) X = 12, 

5x=l2; 

12 h . . ·. x=s= 2 ours 24 mm. 

(p. 65.)-PRon. 19. A market-woman bought a certain 
number of apples at two a penny, and as many at three a 
penny, and sold them at the rate of five for two-pence; 
after which she found, that instead of making her money 
ag·ain as she expected, she lost fourpence by the whole 
business. How much money had she laid out? 

Let x = the No. of apples in each lot that she bought ; 
The price of each apple in the 1st lot= ½d. 

····································· 2d •.. = td. and tne price at which she sold each apple= ld, 
1 1 (1 1) ·J':ierefore, she gave for the apples 2 x+ 3 x = 2 + 3 x, 
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2 4x 
and she sold them for 5 X 2x = 5 • 

Hence, since in selling them she lost 4d., we have the 

equation, 

(1 1) 4x 
2 + 3 X = 5 + 4, 

5 4x 
6x=5+4, 

25x = 24x+120; 

:. x = 120 apples. 

Now the price of 120 apples at ½d., and of 120 more at 

½d. each, amounts to l 00d., or 8s. 4d., the money which she 

laid out. 

(p. 66.)-PRoB. 21. A lady bought a hive of bees, and 

found that the price came to 2s. more than ¾th5 and } th of 

the price. Find the price. 

Let x denote the price in shillings ; 

3x t • 
then 4 = ¾ hs of the price, 

d X - 1th an - - 5 •••••••••..•••• 
5 , 

3x X 

Hence, by the problem, x- 4 - g= 2, 

20x-l5x-4x=40; 
:. X =40s. =£2. 

ON SIMPLE EQ,U A.TIONS CONTAINING TWO OR MORE 

UNKNOWN QUANTITIES. 

(p. 68.)-Ex. 3. 

From (1) 

...... (2) 

First Method. 

5x+3y = 38 •..•.•... (1) 

4.x - y = 10 . . . . .. . .. (2) 

38-5x 
y= 3 

y =4x-l0 ......... (a) • 
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(p. 70.)-Ex. 7. 5x-4y ~ 19 ...... (I) 
4x+2y=36 ...... (2) 

Mult. (2) by 2, and 8.x+4y = 72 
And equation (1) 5x-4y=l9 

. ·. by addition, 13x = 91 
andx =7. 

From (2) we get by transposition, 
2y = 36-4x, 

=36-28, 
=8; 

.·. y=4. 

Ex. 8. 3x+7y=79 (I) 
1 

2y- 2x= 9 (2) 

Mult. (2) by 6, then 12y-3x = 54 ...... (u) 
Add this equation to (1) and 19y = 133, 

:. Y=7. 
By dividing equation (a) by 3, and transposing, we get 

x= 4y-l8 
=28-~8 (sincey=7; and.·. 4y=28), 
=10. 

Ex. 9. (I) 

x-y 
-7-+3=4 (2) 

. x+y 
Transposmg (1),-3-=5; and.·.x+y=l5 (a) 

x-y 
............ (2) - 7-=l; and .·.x-y= 7 (/3) 

By adding (/3) to (a), 2x=22; 
.·.x=ll. 

By subtracting (/3) from (a) 2y = 8; 
.·.y=4. 
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(p. 71.)-Ex. 10. 

SIMPLE EQUATIONS. 

x+y 
-3--2y=2 (1) 

2x-4y 23 (2) 
5 +Y=5 

Clearing (1) of fractions, x+y-6y = 6 
orx-5y=6 (a) 

......... (2) ............ 2x-4y+5y = 23 
2x+ y=23 ... (/3) 

Mult. (a) by 2, and 2x-10y = 12 

• ·. by subtraction, l ly = 11 ; 
and .·.y = 1. 

And by (a) x = 6+5y = 6+5 = 11. 

Ex. 11. 
2x-3 
-2-+y=7 (1) 

67 
5x-13y = 2 ...... (2) 

From (1) 2x-3+2y= 14 
2:r+'iy =17 

17 
.·.x=2 -y ...... (a) 

By substituting (second method) this value of x in (2), 

(
17 ) 67 

5 2-y -13y=2 

85 67 
2-5y-J3y=2 

85 67 18 
18Y=2-2=2 

1 
.·.y =2 

17 1 16 
And by (a), x = 2 - 2= 2 =8. 

51 



52 KEY TO A.LGEBRA.. 

(p. 71.)-Ex. 12. 
3x-7y 

3 
2x+y+I 

5 ...... (I) 

...... (2) 

I5x -35y=6x+sy+3 From· (1) 

From (2) 

9x-38y=3 ............... (a) 
x-y 
-5-=2 

x-y=lO; 
.·.y=x-10. ......... (/3) 

Substitute this value of .1/ in (a), and 
9x-38 (x -I0) = 3 
9:i:-38x+sso = 3 

38x-9i: = 380-3 
29x = 377 ; 
.·. x = 13. 

And by (13)y=x-l0= 13-10=3. 

(p. 72.)-Ex. 2. .x+ .Y + Z=90 
2x+40 = 3y+20 
2:i:+40 = 4z+ 10 

From (1) x = 90-y-z. 
By substituting this value of x in (2), we g·et 

2 (90-y-z )+4o = 3y+'20 
180-2y-2z+-10 = 3y+20 

5y+2z=200 

And by inserting the same value of x in (3) 
2 (90-y- z)+40=4z+l0 
l80-2y-2z+40 =4z +IO 

Mult. (/?,) by 3, and 
:. by subtraction, 

An<l by (/3), 

2y+6z=210 
l5y +6z = 600 ; 
13y = 390, 
:. y= 30. 

2z=200-5y 
= 200 -150 
= 50; 

:.z=25. 

(1) ~ (2) 
(3) 

(a) 

CM 
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And by (a) we have also, x = 90-y-z 
=90-30-25 
=35. 

(p. 72.)-Ex. 3. x+ Y+ z= 53 
x+2y+3z= 105 
x+3y+4z = 134 

.. .... (1) ~ 

...... (2) 

...... (3) 

Subtract (I) from (2), and y+2z = 52 

......... (2) from (3) ... y+z = 29 

......... (/3) from (a) z =23. 

•·•••• (a) 
(/3) 

By (/3), y = 29-z =29-23 = 6. 

And by(l), x=53-y-z=53-6-23=24. 

PROBLEMS. 

53 

(p. 74.)-PRon. 4. What two numbers are those to one­

third the sum of which if I add 13, the result shall be 17; 

and if from half their difference I subtract one, the remain­

der shall be two l 

Let x and y be the numbers ; 

then x+y = the sum of the numbers, 

and x-y = tl:).e difference of the numbers, 

Hence, by the conditions of the problem, 

x+y x+y J 
-

3
-+13=17, or-3-

=4 ...... (1) 

x-y- x-y 
and - 2

- - 1 = 2, or - 2
-=3 ...... (2) 

By clearing ( 1) and (2) of fractions, they become 

x+y= 12 
x-y= 6 

. ·. by addition 2x = 18 
X =9 

And by subtraction, 2y = 6 
.·.y=3. 
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(p. 74.)-PRoB. 5. There is a certain fraction, such, that 
if I add one to its numerator, it becomes ½; if 3 be added 
to the denominator, it becomes ¼, What is the fraction ? 

X 
Let - represent the required fraction ; y 

then x;l =},or 2x+2 =y (1) j 
X 1 

and y+s=s• or 3x=y+s •••.•• (2) 

By transposition, (2) becomes 
3x-3=y 

But by (1) 2x+2 =Y 

.•. by subtraction, x-5 = 0 
and.·. x=5. 

And by (l)y=2x+2= 10+2=12. 

Hence the required fraction is 
1
5
2 · 

PRon. 7. A person has two horses, and a saddle worth 
£IO; if the saddle be put on the back of the first horse, 
the value becomes double that of the second; but if the 
saddle be put on the second horse, his value will not amount 
to that of the first horse by £13. What is the value of each 
horse? 

Let x be the value of the pt horse in£ 
and y ..................... 2d ........... . 

Then by the problem, x+IO = 2y { 
and y+IO= x-13 5 

By transposition, these equations become 
x=2y-10 

and X=Y+23. 
By equating these two values of x, we get 

2y-10 =y+23; 
:. y = £33, the value of the 2d horse, 

andx=2y-10=66-l0=£56 .................. ist ..... . 
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(p. 75.)-PRoB. 9. There are two numbers, such, that½ 

the greater added to t the less is 13 ; and if ½ the less be 

taken from ! the greater, the remainder is nothing. What 

are the numbers ? 

Let x denote the greater number, 

andy ............ less ........ . 

X y 
Then by the problem, 2 + 3 = 13 

X y 
and 3- 2=0. 

By clearing of fractions, the equations become 
3x+2y=78 

and 2x-3y = 0. 

From the 2d we get y = 2
3
x , and putting this value m 

the Pt, we obtain 

3x+2 (
2
;) = 78 

9x+4x=234 
13x=234; 
.·. x= 18, 

2x . 
andy=a= 12. 

PROB. 10. There is a certain number, to the sum of 

whose digits if you add 7, the result will be three times 

the left-hand digit; and if from the number itself you 

subtract 18, the digits will be inverted. What is the 

number? 
Let x = the left-Tiand digit, 
andy = the right-Tiand digit; 

Then I0x+y = the number itself, 

and lOy+x = the number with its digits inverted. 

Hence, by the problem, x+y+7 = 3x 
and l0x+_y-18 = 10y+x; 
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By transposition and red1Jction these equations become 
:l,:1;-:;y= 7 

and x-y=2 
:. by subtraction, we get x = 5 

Andy=x-2=3; 
Hence the number ( l ox+y) is 53. 

(p. 75.)-PRoB. l l. A merchant has two kinds of tea, one worth 9s. 6d. per to.; the other 13s. 6d. How many !os. of each must he take to form a chest of 104 lbs., which shall be worth £56 ? 
Let x = the number of lbs. at 9s. 6d. per lb. 
and y = ........................ 13s. 6d . ..... . 

Then, by the problem, x+y = 104 (1) 
l9x+27y = 2220 (2) 

Mult. (1) by 19, and l9x+I 9y = 1976 
Subtract this eqn. from (2) and Sy= 264; 

:. y = 33 lbs., at 13s. 6d. ~ lb. 
and x = 104-y = 71 lbs. . .. 9s. 6d. . ..... 

PROB, 12. A vessel containing 120 gallons is filled in 10 minutes by two spouts running successively; the one runs 14 gallons in a minute, the other 9 gallons in a minute. For what time has each spout run? 
Let x = the No. of minutes run by the pt spout, 
andy= .................................... 2d .... .. 

. ·. l4x = the No. of gallons run by the pt ..... . 
and 9y= .................................... 2d 

Then, by the problem, x+y= 1.0 (1) 
and l4x+9y = 120 (2) 

Now (1) X 14 gives 14x+14y = 140 
And by (2) we have 14x+9y = 120 

•·. by subtraction we get 5y =20; 
and.·. y=4 minutes, 

and by (1) x = 10-y=6 ......... 
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(p. 75.)-PRoB. 13. To find three numbers, such, that 

the first with ½ the sum of the second and tliird shall be 

120 ; the second with rb the difference of the third and 

first shall be 70; and½ the sum of the three numbers shall 

be 95. 
Let x, y, z, represent the pt, 2d, and 3d Nos. respectively; 

Then, by the problem, x+~ (y+z) = 120 (1) 

Y+1(z-x) = 70 (2) 

I ( . 
2 x+y+z) = 95 ..... . 

I 
Subtract (3) from ( 1) and there results, 2 x = 25; 

and.·. x=50. 

(3) 

Substitute this value of x in (1) and (2), and after reduc­

tion, they become 
y+ z= 140 

I 
and y +5z= 80. 

And by subtraction, we get 
4 
sz=60 

.·. z=75. 
And lastly, from (3) we have, after multiplying it by 2, 

x+y+z=I90 
•·. y = 190-x-z 

~190-50-75 

=65. 
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CHAPTER IV. 

ON INVOLUTION AND EVOLUTION. 

ON THE INVOLUTION OF COMPOUND ALGEBRAIC 
QUANTITIES. 

(p. 78.)-Ex. 4. 
a+ 3b 
a+ 3b 

a2+ 3ab 
+ 3ab+9b2 

a2+ 6ab+9b2 = Square of ( a+3h) 
a+ 3b 

a3+ 6a2b+ 9ab2 

+ 3a2b+l8ab2+27b3 

a 3+ 9a2b+27ab2+27b3 = Cube of (a+Sc) 
q,

0 
+ 3b 

a"+ 9a3b+27 a2b2+ 27 ab3 

+ 3a3b+21a2b2+ 8lab3+8Ib4 

a•+ I 2a3b+54a2b2+ 108ab3+8 lb4 = 4th power of ( a+3b) 

Ex. 5. 

3x2+2x + 5 
3x2+2x + 5 

9x4+6x3+ I 5x2 

+6x3+ 4x2+ 1 Ox 
+1sx2+1ox+25 
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3x - 5 
3x - 5 

9x2
- 15x 

EVOLUTION. 

(p. 78.)-Ex. 6. 

- l5x +25 

9x2
- 30x + 25 = Square of (3x-5) 

3x- 5 

27x3
- 90x2+ 75x 

- 45x2+1sox-125 

27x3---135x2+225x-125 = Cube of (3x-5). 

x2-2x + l 
x2-2x + 1 

x4-2x3+ x 2 

Ex. 7. 

-2x3+ 4x2
- 2x 

+ x2
- 2x+ I 

x4 -4x3+ 6x2
- 4x + I 

x2 -2x + 1 

x6 -4x5+ 6x4
- 4x3+ x2 

-2x5+ 8x4
- 12x3+ 8x2-2x 

x4 - 4.x3+ 6x2-4x+l 

Ex. 8. 
a+ b+ c 
a+ b+ c 

a2+ ab+ac 
+ ab+ b2+ be 

+ac + be+ c2 
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ON THE EVOLUTION OF ALGEBRAIC Q,UA.NTITIES. 

(p. 80.)-Ex. 3. 

4x2+4xy+y2(2x+y 
4x2 

4x+y) 4xy+yz 
4xy+y2 

* * 

Ex. 4. 

25a2+30ab+9b2 (5a+3b 
25a2 

Ioa+sb)+soab+9b2 

+30ab+9b2 

* * 

Ex. 5. 

9x4+12x3+22x2+ 12x+9 ( 3x2+2x+3 
9x4 

6x2+2x) + l 2x3+22x2 

+12x3+ 4.:i2 

6x2+4x+s) l8x2+12x+9 
l8x2+12x+9 

* * * 



CH, IV. EVOLUTION. 

(P· 81.)-Ex. 6. 
4x4 - 16x3+2-!x2 - 16x+4 ( 2x2-4x+2 

4x4 

4x2 -4x )-16x3+24x2 

-16x3+16x2 

Ex. 7. 

Ex. 8. 

"4x2-8x+2) 8x2-16x+4 
8x2-l6x+4 

* * -Y.· 

2x2+4 )+sx2+24 
+s.i·2+16 

4 ) 32 16 
2x2+s+ :X-2 s+ xz + x4 

32 16 
s+ x2 +,2,'4 
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· ON THE EXTRACTION OF THE SQUARE ROOT OF 
NUMBERS. 

(p. 83.)-Ex. 1. 105625 ( 325 
9 

Ex. 2. 

Ex. 3. 

62) 156 
124 

645.)3225 
.3225 

* 

173056 ( 416 
16 

81) 130 
81 

826) 4956 
4956 

* 

5934096 ( 2436 
4 

44) 193 
176 

483) 1740 
1449 

4866) 29196 
29196 

* 
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CHAP. V. QUA.DR.A.TIO EQUATIONS. 

ON THE SOLUTION OF PURE QUA.DR.A.TIO EQUATIONS. 

{p. 84.)-Ex_. 4. 5x2-l =244. 

By transposition, 5x2 = 244+1 
5.x2 =245 

.X2 = 49; 

Extracting the sq. root, x = + 7. 

By transposition, 9x2-3x2 = 63-9 
6x2 =54 

x 2 =9; 

:. by extracting sq. root, x = + 3, 

Ex. 6. 

Ex. 7. 

4.x2+5 
-9-=45. 

4.x2+5 =405 
4,r2 =40O 

x 2 =I00; 

:. x=+ 10. 

bx2+c+3 =2bx2+1. 
By transposition, 2bx2-bx2 =c+3-l 

bx2 =c+2 
c+2 

By divicling by b, x 2 =-b-

x = + . /c+2b2 
and :. extracting the sq. root, V -j;-

ON THE SOLUTION OF ADFECTED QUADRATIC 

EQUATIONS, 

(p. 86.)-Ex. 3. x2+12x = 108. 

By adding 62 or 36 to each side, the equation becomes 

x2+12x+36 = 144 
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Extracting the sq. root, x+6 = + 12 
and :. x=+ 12 - 6 = 6. 

or ::i: = - 12 - 6 = - 18. 

(p. 86.)-Ex. 4. 

Add 72 or 49 to each side, and 
x2 - l4x+72 = 5 I+49 = 100; 

By extracting the sq. root, x - 7 = + 10; 

:.x=+ 10+ 7 = l7 or - 3. 

Ex. 5. 

Add 42 or 16 to each side, and 
x2 - 8:i:+42 =20+16 = 36 

x - 4 =+ 6; 
:. x = l O or - 2. 

(p. 87.)-Ex. 8. 

( 
7 ) 2 49 

Adding 2 or 4 to each side, the equation becomes 

( 7)2 49 312+49 361 
x2+7x+ 2 =78+ 4= 4 =7 

7 +19 Extracting the sq. root, x+2=_ 2 ; 
19 7 

:. x=+2 - 2=6 or-13 

Ex. 9. 

(
3)2 9 To each side add 2 or 4, and we have 

(3) 2 
9 

x 2+3x+ 2 = 2s+ 4 
121 

4 4 
3 11 

By extracting· the sq. root, x+ 2 = + 2 
11 3 

:. x = + 2 - 2 = 4 or - 7. 
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(P· 87.)-Ex. 10. x 2 -3x = 40. 

(3) 2 9 160 9 169 
Complg. the sq., x2-3x+ 2 =40+ 4 = 4 + 4= 4 

. h 3 + 13 Extractmg t e sq. root, x- 2=_ 2 
:. x=8 or-5. 

Ex. 11. 

Here the coefficient of x 2 is 1 ; by adding therefore ( ~) z 

or i to each side 

(
1)2 1 121 

z2+x+ 2 =30+4=4 

1 11 
x+2=+2 

:. x=5 or-6. 

Ex. 14. 3x2+2x= 161. 

2 161 
Dividing equ0

• by 3, x 2+3x=-3 
2 (1) 2 161 1 483 I 484 

Complg. thesq.x2+ 3x+ 3 =3 +9=9+9 =9 

(p. 8S.)-Ex. 15. 

X+ !=+22 
3 -3 

2 
:. x =7 or - 1 3 

2x2 -5x= 117. 

5 117 
Dividg.eachtermby2,x2

- 2x= 2 
2 5 (~) 2 

- 117 25 - 936 25 - 961 
X -2x+ ,4 - 2 + 16- 10 +16- 16 

x-~=+31 
4 -4 

13 
:. x=9 or - 2 • 

F 
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(p. 88.)-Ex. 16. 3x2 -2:c = 280. 

Ex. l 7. 

(p. 89.)-Ex. 3. 

.. 
Ex. 4. 

2 280 
x 2--x=-

3 3 

x 2-~x+(~)2=280 +!=840 +~=841 
3 3 3 9 9 9 9 

I 29 
.x-3=+3 

1 
:. x = IO or - 93. 

4x2
- 7 X = 492. 

x2 

1 
:. x = 12 or - 10 4. 

6 -I=x+Il. 
x 2-6 =6x+66 

x 2-6x=72 
x 2-6x+9=8l 

x-3=+9; 
:. x=l2or-6. 

Mult. by 3x, and 2x2+8 =7x 
2x2-7:r:= -3 . 

7 3 
:,:2- -x= - -

2 2 

x2 - ~ x + (Ir=~: - ~ = ~: 
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7 5 x--=+-. 4 -4, 

l 
:. x =3 or 2. 

(p. 89.)-Ex. 5. 
,r2 X 

3 - 2= 9· 

. 3 
Mult. by 3, and x2 - 2x = 27 

3 (3) 2 9 441 
<Jomplete the sq. and x 2

- 2x+ 4 = 21+u;=16 
3 21 x--=+-. 
4 - 4' 

9 
:. x=6 or- 2, 

6 2 
Ex. 6. x+I +_;=3 

2x+2 
Mult. by x+I, and 6+--=3x+3 

X 

......... ... x, ... 6x+2x+2 = 3x2+3x 
sx+2 = 3x2+3.x 

By transposition, 3x2-5x '2 
5 2 

Dividing by 3, x2
- 3 x = 3 

5 (5)
2 2 25 49 

Bycompletingthesq.x2
- 3x+ 6 = 3+36 = 36 

5 7 x---+-. 5--6 1 

l 
Ex. 7. x2-34=3x. 

l 
x2-3x=34 

l ( l )2 1 1225 
z2-sx+ 6 =34+36=36 

67 
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(p. 89.)-Ex. 8. 
X 5 1 
-+-=5-
5 X 5 

Mult. by 5x, and x2+25 = 26x 
x2-26x=-25 

x2 -26x+ (13)2 = 169-25 = 144 
x-13=+12; 

. ·. x = 25 or 1. 

24 
Ex. 9. z+ x-l =3x-4 

2-! 
By transposition, x- l = 2x-4 

Multiplying by x-1, 24 = 2x2-6x+4. 
By transposing again, 2x2-6x = 20 

Ex. 10. 

x2-3x=l0 

(
3) 2 9 49 

x2-3x+ 2 =lo+ 4= 4 

X -~-+? 2--2 

:. x=5 or-2. 
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(p. 89.)-Ex. l l. 
3x x-1 

x+2--6-=x- 9• 

18x 
Mult. by 6, and .x+2 -x+l = 6x-54 

18x 
Transposing, x+2 = 7x-55 

Mult. by x+2, and 18x = 7 x2-4lx-110. 
7x2-59x= 110. 

59 110 
x 2--X=-

7 7 

2 59 (59) 2 
- 110 3481 = 6561 

.x - 7 x+ 14 - 7 + 196 196 

(p. 90.)-Ex. 13. 

Ex. 14. 

Ex. 16. 

59 _+81 
.x-14--14 

81 59 11 
· x-+-+-=10or--• 

. · --14 14 7 

.x2-2x=-2. 

.x2-2x+l = 1-2 = -1. 

x-1 =+v'-1 
.•.x= l +v' -1 

x2-16x = -15. 

2f'-l6x+82 = 64-15 = 49 

.x-8=+7; 
.·.x=l5orl. 

x 2-6x+I9 = 13. 

x 2-6x=-6 

x2 -6x+9 = 9-3 = 3 

x-3 =+ 1/3 = + 1.73-2; 

••• x = 4.732 or 1.268. 
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(p. 90. )-Ex. 17. 5x2+4x = 25. 

4 25 
x2+5x=5 

4 (2) 2 25 4 129 
x2+5x+ 5 = 5 +25 = 25 

~= +-vT29 _+ 11.357 
x+5 5 -- 5 

9.357 13.357 :.x=-
5
- or--

5
-

or x = 1.871 or - 2.671. 

(p. 91.) Ex. 20. .x•+4.x2 = 12. 

Ex. 21. 

x•+4x2+4 = 16 
x2+2=+4. 

x2 =2 or- 6. 

:. x =+-\12 or+v'::6. 

r'-8x3 =513. 

x5-8x3+16 = 529 
X3-4=+23 

x3 =27 or -19 

:. :c = 3 or v=T9. 

l'RO:BLEMS PRODUCING QUADRATIC EQUATIONS. 

(p. 96.)-PROB. 7. To divide the number 33 into two 
such parts that their product shall be 162. 

Let x = one part, 
then 33-x = the other part, 

and x (33-x) = the product of the two parts. 
Hence, by the problem, x(33-x) = 162, 

or 33x-x2 = 162. 

By transposition, x2 -33x = -162. 
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(
33)2 1089 441 

Completg. the sq. x2-33x+ 2 =-
4
--162= 4 

33_+21 
x- 2 --2 

· ,,,_ 
33 +21

-27 or 6 
·•"'-2-2- ' 

and 33-x= 6 or 27. 

Hence it appears that the answers are the same, but in 

an inverted order. 

(p. 96.)-PROB, 8. What two numbers are those whose 

sum is 29, and product 100? 

Let x = one number; 

then 29 -x = the other number, 

and x (29-x) = the product of the numbers. 

Hence, by the problem, x(29-x) = 100 

29x-x2 = 100 
x2 -29x = -100 

(29)2 841 441 
x2-29x+ 2 = 4 -100 = 4 

29 21 
x-2=2 

• ·• x = 35, the one part, 

and 29-x = 4, the other. 

PROB. 9. The difference of two numbers is 5, and ¼th part 

of their product is 26. What are the numbers? 

Let x = the less number, 

then x+5 = the greater number, 

and x (x+5 }= tlie product of the two numbers; 

X (x+5) 
:. 4 

= ¼th of the product. 

But by the problem, ¾th of the product= 26 ; 

x(x+5) 
... 4 

=26 

x2+5x= 104 
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(
5) 2 25 441 .x2+5x+ 72 = 104 + 4 = 4 

5 21 
x+2=2 

:. x = 8, the less number, 
and x+5 = 13, the greater number. 

(p. 96.)-PRoB. IO. The difference of two numbers is 6; and if 47 be added to twice tlie square of tlie less, it will be equal to the square of tlie greater. What are the numbers? 
Let x = the less number, 

then x + 6 = the greater number. 
Hence, by the problem, 2x2+47 = (x+6) 2 

2x2+47 = x·2+12x+36 
x2-l2x= -11. 

.x2-12x+36 = 36-11 =25 
x-6=5; 

:. x = l 1, the less number, 
and x+6 = 17, the greater nnmber. 

PROB. 11. There are two numbers whose sum is 30 ; and fd of their product plus 18 is equal to the square of the /es$ number. What are the numbers? 
Let a.·= the less number, 

then 30-x = the greater number, 
X (30-x) and 

3 
= ½d of their product. 

X (30-x) Hence, by the problem, 3 + 18 = x 2 

30x-x2+54 = 3x2 

4x2-30.x=54 
30 54 

x2-4x = 7 

.x?.- 30 x+ (15)
2 = 54 + 225 = 441 

4 4 4 16 16 
15 21 

x--=-4 4 
:. x = 9, the less No. 

and30-x=21, the greater No. 
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(p. 96.)-PROB, 12. There are two numbers whose pro­
duct is 120. If 2 be added to the less and 3 subtracted 
from the greater, the product of the sum and remainder 
will also be 120. What are the numbers ? 

Let x = the greater number, 
120 

then-= the less number. 
X 

Hence, by the conditions of the problem, we get the equation 

(
120 ) 
7 +2 X (x-3) = 120. 

360 
120+2x-7 -6 = 120. 

Or, by reduction, x 2-3X= 180 

(3)2 9 724 
x 2-3x+ 2 = rno+ 4 = 4 

3 27 
:r:- -=-2 2 

•·. x= 15, the greater number, 
120 

and-=8, the less number. 
:,; 

PROB. 13. A and B distribute £1200 each among a cer­
tain number of persons: A relieves 40 persons more than 
B, and B gives £5 a-piece to each person more than A. 
How many persons were relieved by A and B respectively? 

Let x = the number of persons relieved by B, 
tl1enz+40= ... , ...................................... A 

1200 
:. --=the No. of£ B gives to each person, 

X 

1200 
and x+ 4o= ............... A .......................... . 

But B gives £5 more to each person than A gives; 

. 1200 +5 1200 
• · x+4o =-;;-

By clearing this equation of fractions, it becomes 
1200.i·+5x2+2oox = 1200x+48000 
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Or, by reduction, x2+40x = 9600 
x2+4ox+ (20) 2 = 10000 

x+20= 100; 
.·. x=80, the No. relieved byB, 

and x +40 = 120, ...... ...... .... .. ... A. 

(p. 96.)-PnoB. 14. A person bought a certain number of 
sheep for£120. If there had been 8 more, each sheep would 
have cost him 10 _ shillings less. How many sheep were 
there? 

Let x = the No. of sheep, 
then x+s = ..................... if there had been 8 more ; 

120 
. ·. -= the price in £ of each sheep, 

X 

and :~
0
8 = ........................ if there had been 8 more. 

But if there had been 8 more, each sheep would have cost 
l 

l Os. or 2 £ less . 

• 120 I 120 
. ·7-2=x+s· 

This ·equation when reduced becomes 
x 2+8x= 1920 

x2+sx+ 16 = 1936 
x+4 =44; 
.·.x=40. 

(p. 97.)-PRoB. 16. A and B set off at the same time to 
a place at the distance of 300 miles. A travels at the rate 
of one mile an hour faster than B, and arrives at his jour­
ney's encl 10 hours before him. At what rate did each 
person travel per hour? 

Let x = the number of miles B travels per hour, 
then x+I = ........................ A ...........•...•.•. ... 

• •. SOO = the No. of hours B takes to travel the distance. 
X 

300 
and x+I = .. ......... . ...... A ................................. 
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But_.A. arrives at his journey's end IO hours before B; 
300 300 

.·.-+10=-· 
x+l X 

This equation becomes by reduction 

x2+x=30 

(
1)2 1 121 

xz+x+ 2 = so+ 4= 4' 
1 11 

X+ -=+-2 - 2' 

75 

:. x = 5, miles travelled by B ;w hour. 

and x+I = 6, ...••.•••........•... A ........ . 

(p. 97 .)-PROB.18. To divide the number 20 into two 

such parts, that their product shall be 105. 

Let x = one part, 
then 20-x =the other part; 

Hence, x (20-x) = 105, 
or 20x-x2 = 105. 

Transpose, and x2-20x = - I 05. 

Complete the equation, and there res"!llts 

x2-20x+100 = -5 
x-IO=+V-5 . 

. ·.x=IO+V-5. 

(p. 98).-PRoB. 20. To resolve the number 18 into two 

such factors, that the sum of their cubes shall be 243. 

Let x be one factor, 
18 

then - is the other. 
X 

(18)3 
Hence x3+ -;- = 243 

x6+5832 = 243.z3 

or x6-243x8 = -5832 

(
243) 2 59049 35721 

x6-243x3+ 2 =-4 --5832=-4 -
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243 189 z3--=+-2 - 2 
x3 =216 or 27; 

.·. x=6 or 3, 
18 

and-=3 or 6. 
X 

ON THE SOLUTION OF QUADRATIC EQUATIONS CON­
TAINING TWO UNKNOWN QUANTITIES. 

Ex.4. 
CASE I.-(p. 100.) 

Let 2x-3y = 1} 
2x2+xy-5y2 = 20 to find the values of x and y. 

From the 1st equation, 2x = I +3y 
1+3y 

.·. x=-2-

Putting this value of x in the 2d equation 

2(1~3Y)2 + (1~3Y) y-5y2 =20, 

l +6y+9y2 +y+3y2 

2 2 -5y2=20. 

7 39 
ory2+2Y=2 
7 (7)2 39 49 361 

Y2+2Y+ 4 =2+16=16 
7 19 

Y+4=4 
.·. y=3, 

1+3y 
andx=-2-=5. 

Ex. 5. There are two numbers such, that if the less be 
taken from three times the greater, the remainder will be 
35 ; and if four times the greater be divided by three times 
the less plus one, the quotient will be equal to the less num­
ber. What are the numbers? 
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Let x = the less number, 
and y = the greater number; 

77 

Then the conditions of the problem furnish the equations 

3y-x =35 (1) } 
4y 

3x+l =x (2) 

From (1) we get 3y = 35+x; 

:.y=35+x. 
3 

By putting this value in (2), it becomes 
4 (35+x) 
3 (3x+l) =x; 

and by reduction, 
140+4x = 9x2+3x 

1 140 
orx2

- 9x=-9 
1 ( 1 ) 2 140 1 5041 

x
2
-9x+ 18 =9+324= 324 

1 71 
x--=-

18 18 
71 1 

x=l8 + 18= 4, 

an<l y = 35tx = 35i4 =13. 

(p. 100.)-Ex. 6. What number is that, the sum of whose 
digits is 15, and if 31 be added to their product the digits 
will be inverted .'f 

Let x = the left-hand digit, . 
and y = the rig/it-hand digit, 

then I0y+x = the No. represented by the digits inverted; 

Hence the question furnishes the equations 

x+y= 15 } 
.xy+3I = l0y+x 

From the pt equation, we get x = 15-,y 
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•·. by substitution, (15-y) y+31 = I0y+I5-y 
or, by reduction, y 2-6y = 16 

i;2-6y+9 = 16+9 = 25 
y-3=5; 
.·.y=8, 

and x= I5-y=7: • 
Hence the required number is 78. 

CASE II.-(p. 102.) 

Ex. 3. Find two numbers such, that the square of the 
greater minus the square of the less may be 56 ; and the 
square of the less plus ½d their product may be 40. 

Let x = the greater number, 
andy = ... less ......... 

Then, by the question, we have the equations 
x 2-JJ2=56 

1 
y 2+3xy=40. 

Assume x=vy, and the equations become, by substitution, 
56 

v2y2-y2 = 56, or y2 = v2- l 

1 40 
,l2+-v112 =40 ory2=---
J 3 J ' 1+}v 

Hence, we get by equating these two values of y2, 
40 56 

l 1+-v 
3 

56 
40v2-40 = 56+3 v 

7 12 
V2--V=-

15 5 

7 ( 7 )2 12 49 2209 
v2

- 15 v+ 30 =5+ 900 = 900. 
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7 47 
v- 30=30 

54 9 
•.• V =30=5 • 

40 40 
And; since y 2 = l+}v = l+~ =2!.i, 

y=5, 
9 

andx=vy=5 X 5 = 9. 
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(p. 102.)-Ex. 4. There are two numbers such, that 3 

times the square of the greater plus twice the square of 

the less is 110; and half their product plus the square of 

the less is 4. What are the numbers P 
Let x = the greater number, 
and y = the less ....... .. 

Then 3x2+2y2 = ll0 
1 
2xy+y2=4• 

Assume x = vy, and the equations then become 

3v
2y2+2y2= 110, or y

2
-;- 3~;~2 J 

1 8 
2vy2+y2=4, or y2= v+2 

110 8 
Hence 3vi+ 2 = v+2 ; 

55 102 
or by reduction v2

- -v =-· 
' ' 12 12 

55 (55) 2 102 3025 7921 

v
2

- 12v+ 24 - 12 + 576 - 576 

55 89 
v-24=24 

v=6. 
8 8 

And, since y 2=--= --= 1 
v+2 6+2 

y=l, 
andx=vy=6. 
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CHAPTER VI. 

ON A.RITHMETICA.L, GEOMETRICAL, A.ND HA.RMONICA.L 

PROGRESSIONS. 

On Arithmetical Progression. 

(p. 103.)-Ex. 3. Find the 25th term of the series, 5, 8, 
11, &c. 

Here a= 
d= 
n= 

5 ~ :. l=5+(25-1)3 
3 =5+24X3 

25 = 77. 

Ex, 4. Find the 12th term of the series 15, 12, 9, &c. 

Here a= 15~ .·. l=15+(12-l)X-3 
d=- 3 =15-11 X3 
n= 12 =-18. 

(p. 104.)-Ex. 6. Find 7 arithmetic means between 3 
and 59. 

Here a= 3 ~ 
l =59 
n= 9 

But a+(n-l)d= l 
.·. 3+8d=59 

.·. d=7. 

And the means required are 10, 17, 24, 31, 38, 45, 52. 

Ex. 7. Find 8 arithmetic means between 4 and 6 7 . 

a= 4~ l =67 
n=IO 

. •. 4+(10-l)d= 67 
4+9d=67 
. . ·. d=7. 

Hence the means are 11, 18, 25, 32, 39, 46, 53, 60. 

Ex. 8. Insert 9 arithmetic means between 9 and 109. 

a= 9~ l = 109 
n= 11 

9+(11-l)d= 109 
9+l0d= 109 

.·.d=l0. 

Hence the means can be found as in the preceding examples. 
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To find the sum of an arithmetic series. 

(p. 104.)-Ex. 3. Find the sum of 25 terms of the series 

2, 5, 8, 11, &c. 

Here a= 2 

d= 3 

n=25 

I ·. 8= { 2a+(n-l)d H 
( = { 2X2+(25-1) X3} X 

2
: 

) = (2X2+24X3) X 
25 
2 

= (2+36)X25 

= 38X25 = 950. 

Ex. 4. Find the sum of 36 terms of the series 40, 38, 36, 

34, &c. 

: _:( 
n= 36s 

.·. S = { 2a+(n-l)d}; 

= { 2X40+(36-l)X-2} X 
3
: 

= (80-70)Xl,8 
=10Xl8 
= 180, 

(p. 105.)-Ex. 6. Find the sum of 32 terms of the series 

l, l½, 2, 2½, 3, &c. 

a= 1 .·. S= {2a+(n-l)d}§ 

n=32 

{ 1} 32 = 2Xl+(32-l)X 2_ 2 

=(2+321)16 

35 =2 Xl6 

=280. 



82 KEY TO .A.LG E:BRA. 

PROBLEMS. 

(p. 106.)-PRoB. 4. The sum of an arithmetic series is 
950, the common difference 3, and the number of terms 25. 
What is the first term .'P 

Here 8=950 I and { 2a+(n-l)dH=s. 

d= 3 ( . . { 2a+(25-l)X3} 
2
: =950 

n = 25} (a+l2X3)25 =950 

Dividing both sides by 25, a+36 = 38 
.·.a=2. 

PROB. 5. The sum of an arithmetic series is 165, the.first 
term 3, and the number of terms IO. What is the common 
difference ., 

S=l65 

a= 3 

n= 10 

~ 2a+(n-l)d ~ i=S 

... - ~ 2 xs+(L0-l)d ~ 1
2° = 165 

(6+9d) 5 = 165. 

Dividing by 5, 6+9d = 33, 
9d=27; 

:. d=3. 

PROB. 6. The sum of an arithmetic series is 440,first term 
3, and common difference 2. What is the number of terms! 

S=440 

a= 3 

~ 2a+(n-l)d ~ ~:;c-;S 

~ 2X3+(n-1)2 ~ ~= 440. 

n2+2n=440. 
n2+2n+l =441, 

n+l=21; 
:. n=20. 
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(p. 106.)-PRoB. 7. The sum of an arithmetic series is 

54, the.first term 14, and common difference - 2. What is 
the number of terms ., 

S=54 

a= 14 

d=-2 

.·. since ~ 2a+(n-l)d ~ ~ = S 

~ 2X 14+ (n-1) X-2 ~ ;=54. 

(15-n)n = 54. 

or x 2-I5n= -54, 

(
15)2 225 9 

n2 -15n+ 2 = 4 -54 = :f 

n_ 15 =+~ 
2 -2; 

:. n =9 or 6. 

(p. 108.)-PRoB. 10. A person bought 47 sheep, and gave 

l shilling for the first sheep, 3 for the second, 5 for the 

tliird, and so on. What did all the sheep cost him ? 

Here a= 1 :.S= ~ 2a+~n-l)d~ ~ 
d= 2 

n=47 
/ 

= ~ 2x1+(47-1)2 ~ ~ 
= (1+46) 47. 
=47X47, 
= 2209s. =£110. 9s. 

P1-ton. I I. A gentleman began the year by giving away 

a far thing the first day, a /ialfpenny the second, three 

f urthings the third, and so on. What money had he dis­

posed of in charity at the end of the year ? 

a= lj S= {2a+(n-I)d}; 

) <. 365 
d= I = ( 2Xl+(365-l)X I 5 2 

n = 365 - (2+364) 365 
- 2 
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= (1+182) 365, 
= 183X365, 
= 66795 farth". = £69 l ls. 6¾d. 

(p. 108.)-PROB. 12. A travels unfformly at the rate of 
6 miles an hour, and sets off upon his journey 3 hours and 
20 minntes before B; B follows him at the rate of 5 miles 
the first hour, 6 the second, 7 the third, and so on. In 
how many hours will B overtake A? 

Let x = the No. of hours B is in overtaking A, 

then, x+3½= ..................... A travels before he is over-

taken ; and therefore 

(x+3~) 6 = the No. of miles A travels, 

and~ 2X5+(x-l) Xl ~ := .................. B ••••...•• 

But A and B both travel the same distance: hence, we 
have the <"quation 

~ 2X5+(x-l)Xl ~ ~=(.i·+3i) 6. 

X 

(l0+x-I\2=6x+20 

x2+9x = 12x+4o 
x2-3x=40 

(
3) 2 9 169 

x 2 -3x+ 2 =40+ 4 = 4 

3 13 
x-2=2 

:. x = 8 hours. 

(p. 109.)-PRoB. 14. There is a certain number of quan­
t ities in arithmetic progression, whose first term is 2, and 
whose sum is equal to 8 times their number; if 7 be added 
to the third term, and that sum be divided by the number 
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of terms, the quotient will be equal to the common dif­
ference. What are the numbers? 

Let x = the number of terms, 
and y = the common difference, 

Then, the sum of the terms=~ 2x2+(x-l)y ~ ~ 
But the sum of the terms= 8 times the No. of terms= 8x. 

:. ~ 2X2+(x-l)y ~ ~ = 8x; 

or, multiplying by 2, and dividing by x, 
4+xy-y=l6 

.·. xy = 12+y (1) 

Ag·ain, since the 3d term= 2+2y, we have the equation 

2+2y+7 
X =y; 

:. xy=9+2y (2) 
Equating the values of xy obtained in (1) and (2), there 

results 
2_y+9= 12+,Y 

.·.y=3. 

12+y 12+3 
And from (1), x=-y-=-3-=5. 

Hence the numbers are 2, 5, 8, 11, 14. 

GEOMETRIC PROGRESSION. 

To find the common ratio of a se1·ies of Quantities in 
Geometric Progression. 

(p. 110.)-Ex. 3. Find the common ratio in the series 
5 3 9 
-, 1, -, -, &c. 
3 5 25 

. 5 3 3 
Here the common ratio= 1+3 = 1 X 5 = 5 · 
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To find tlie sum of a Geometric series. 

(p. ll 1.)-Ex. 3. Find the sum of 7 terms of the series, 
1, 3, 9, 27, 81, &c. 

Here a= 11 
r=3 
n=7 

/ 

arn-a 1X37-l 
S= r-1 = 3-l 

34 X33 - 1 
2 

81 X27-l 
2 

2187-1 
2 

=1093. 

(p. 112.)-Ex. 4. Find the sum of 1, 2, 4, 8, 16, &c. to 
14 terms. 

Here a= 1] 
r= 2 

n= 14 

m·n-1 l X2 14-l 
.. S= r-1 = 2-1 

=47-1 
=44X43-l 
=256X64-l 
=16384-1 = 16383. 

Ex. 5. Find the sum of 1, ~, ¼, ;
7

, &c. to 8 terms. 

Here a= I] 
. 1 

r=-
3 

n=8 

a-arii 1-1x(})8 
:. S= 1-. = l i 

1 -8 

f1-G)8Jxa __ __,._ __ _ 
3-1 

( 1)
8 

1 I 
Now 3 =3 9 =6561 

(1) 8 1 6560 
.•. l- 3 = 1-6561 =6561 

6560X3 3280 
And S =6561 X2 2187 
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(p. 112.)-Ex. 7. Find two ge0metric means between 4 
and 256. 

and arn-i = l Here a= 4 \ 
l =256 
n= 4 

.·. 4r3 =256, 
r3 =64, 

.·.r=4. 

And the required means are 16 and 64. 

1 
Ex. 8. Find three geometric means between 9 and 9 . 

Here a=i J 
l=9 
n=5 

. . ar11
-

1 =l 
1 
9 r4 = 9, 

r 4 =81; 
.·. r=3, 

Hence the three required means are i, 1, 3. 

Ex. 1 O. What is the geometric mean between 16 and 64 ? 

Here a= 16 \ and arn-1 = l 
l=64 .·. 16,r2 =64, 
n= 3 r2 =4; 

.·. r=2. 

Therefore the mean require<l is 32. 

A second Solution. 

Let x be tne geometric mean required. 

Then 16, x, 64, are three terms of a geometrical pro­
gression, and since the common ratio ( Alg. Art. 77.) is 
equal to any term divided by the one preceding it, we have 

X 64 ---
16 X 

orx2 =64Xl6; 
• ·. x = 8 X 4 = 32. 
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(p.112.)-Ex. 11. Insert four geometric means between~ 

and 81. 

Here a= 1 J 
l :..__ 81 

n= 6 

• • since arn-1 = l 
1 5 

3r =81 =34 

rs= 3s; 
.·. r=3. 

The means therefore are 1, 3, 9, 27. 

PROBLEMS. 

PROB. 2. There are three numbers in geometric pro­
gression whose product is 64, and sum 14. What are the 
numbers? 

X 
Let-, x, xy, be the numbers. Then by the problem, y 

X 
-+x+xy= 14, y 
X 
-xxxxy=64. y 

These equations become by reduction 

xQ+1+y) = 14 (1) 

.x8 = 64, or x = 4 ...... (2) 
Substitute the value of x in (2), in (1), and 

4 (t+1+y) = 14 
I 7 y+1+y=2 

2 5 ·y-2y=-l 
5 (5) 2 25 9 !l-2Y+ 4 =16-l = 16 
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1 
• y - 9. or-· •• _ __, 2 

Hence the numbers are 2, 4, 8, or 8, 4, 2. 

89 

(p. ll2.)-PRoB. 3. There are three numbers in geo­
metric progression whose sum is 21, and the sum of their 
squares 189. What are the numbers? 

z 
Let-' x, xy, denote the numbers; 

y 

Then by the conditions of the problem, 
X 
- +x +xy =21 
y 
z2 
2+.x2+z2y2 = 189. 
y 

These equations may be thus exhibited: 

x(!+1+y)=2l •••••• (1) 
y ' 

x2(;2+1+y2) = 189 (2) 

By squaring (1), it becomes 

x2(;2 +f +3+2y+y2) =441, 

and (2) x2
(~ +1 +.v2) = 189 

~-. by subtraction, x2 (~+2+2y) =252, 
y 

or x2(}+1+ y) = 126. 

Snbst:ituting (1) in this eqn. 2lx = 126; 
... z =6, 
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This value of x being put in (1) 

6 (t+1+Y)=21 

1 - 7 
-+I+y=­
y 2 

2 5 
y--y=-l 

2 

5 (5)2 25 9 
y

2-2Y+ 4 =16 -l=l6 

5 3 
Y--=+-4 -4; 

1 
:. y=2 or2 

Hence the required numbers are 3, 6, 12. 

This problem may also be solved in the following manner: 

Let x, y, z, denote the numbers; 

Then by the problem, x+y+z = 21 

x2+y2+z2 = 189 

And by geom. progression, xz =y2 

(1) 

(2) 

(3) 

By squaring (1) x2+y2+z2+2xy+2xz+2yz = 441 

and (2) x2+y2+z2 = 189 

.·. by subt-r. we get, 2xy+2xz+2yz=252, 
or xy+ xz+ yz = 126. 

But by(3)xz=y2, .·. xy+ y 2 + yz = 126, 
or (x+y+z)y=l26. 

Butby(l)x+y+z=21; :. 2ly=126, 
or y=6. 

This value of y being substituted in (I) and (3), these 
equations become 

x+z=15 
X-7/=36. 

•••••• ( a) 
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By squaring the 1st equation, and multiplying the 2d by 
4, we have 

x2+2xz+z2 = 225 
4xz = 144 

x2 -2xz+z2 = 81. 

Extracting the sq. root, x-z = + 9 
and (a) x+z=I5 

. ·. by addition, 2.x =24 or 6 

and by subtraction, 
or x = 12 or 3, 

2z=6 or 24 
or z=3 or 12. 

Hence the numbers are 3, 6, 12, as before. 

(p. 112.)-PRon. 4. There are three numbers in geo­
metric progression; the sum of the first and last is 52, and 
the square of the mean is 100. What are the numbers? 

X 
Let - , x, xy, be the numbers; 

y 

Then; +xy = 52, or x (} +~) = 52 [ 

and x2 = 100, or x= 10 5 
Therefore by dividing the I st of these equations by the 

2d, we get 
1 · 26 
-+Y=­
y 5 

26 
yz-5 y=-1 

Y2 _ 26Y+(l3)
2 
= 169 -l=l44 

5 5 25 25 

13_+~ 
y- 5 -- 5; 

I 
. ·. y = 5 or 5 • 

Hence the numbers are 2, IO, 50. 
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(p. l 12.)-PRoB. 5. There are three numbers in geo­
metric progression, whose sum is 31, and the sum of the 
first and last is 26. What are the numbers ? 

X 
Let - , x, xy, represent the numbers; y 

X 
Then;+x+x!J=31 (1) 

X 
-+xy=26 (2) !I 

By subt~. (2) from (1), x=5. 

And by substituting this value of x in (2), we get the 
equation 

~+!!=26 
y 5 

26 
y2-5!! = -1 

!/2 _ 26Y+(l3)z = 169 _ 1 = 144 
5 5 25 25 

13 -+ 12 
y- 5 -- 5; 

I 
••· !J =5 or g· 

Therefore the required numbers are 1, 5, 25. 

ON THE SUMMATION OF AN INFINITE SERIES OF 
FRACTIONS IN GEOMETRIC PROGRESSION. 

(p. 114.)-Ex. 3. Find the value of 1 + ~+ ~ + 2\ + &c. 

ad infinitum. 

Here: i} 



CH.VI. GEOMETRIC PROGRESSION, 93 

3 9 27 
(p. 114.)-Ex. 4. Find the value of 1+ 4+ 16 + 64 + &c. 

ad infinitum. 

r=~ .·. s=--¼ = 4 4 3 =4. 
Here a= 1} 

4 1-4 

2 4 8 
Ex. 5. Find the value of 5 + 25 + 125 + &c. ad infinitum. 

Here a= 5 . _ _i_ = 5 =~ 21 2 2 

2 .. S- 2 3 3 
r=5 1--g 5 

To find the value of Circulating Decimals. 

(P· 116.)-Ex. 5. Find the value of .77777 &c. ad in­

finitum. 
7 7 7 7 

Since •77777 ... =10+ 100+ ·1000+ 10000 + ...... 

7 7 

a IO 10 7 
: S---------

1-r 1 9 9 
1--

10 10 

Ex. 6. Find the value of .232323 &c. ad infinitum. 

23 23 23 
·232323 .. . = 100 + 10000 + 1 000000 + ... ". 

23 
100 23 

10 -1 -99 ' 

100 
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( p. J 16. )-Ex. 7. Find the value of .83333 &c. ad in­
finitum. 

8 3 3 3 
Since .8333 ...... =-1 +-+--+-+ 

0 100 1000 10000 

a= l~O] :. S=-a-= l~O = lio =_!__, 
l 1-r l 9 30 

r =10 l-10 10 

. 8 I 25 5 
and the value of the decimal =io + so= 

30
= 6, 

Ex. 8. Find the value of .7141414 &c. ad infinitum. 

Here a= 1~~0 j __!_!_ 
. S- 1000 14 14 

I .. - 1 I000-10· 990' 
r= 100 l-100 

. 7 14 707 
and the value of the decimal=-+-= - . 

10 990 990 

Ex. 9. Find the value of .956666 &c. ad infinitum. 

a = l 000 a 1000 6 2 6 J 6 
l :.S= l-r=--1 = 1000-100=300; 

r= 10 l- 10 

95 2 285 2 287 
:. the value of the decimal= 100 + 300 = 30·0 + 300 = 300 · 

The five preceding· examples on Circulating De_cimais can 
be solved more simply, by the second method given m the 
Algebra, as follows: 

(p. 116. )-Ex. 5. 
Let S = .7777 

then 10 S = 7 .7777 . 

. ·. 98=7 
7 

and S=ij 
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(p. 116)-Ex. 6. Let S = .232323 

100 S = 23.232323 

Ex. 7. 

Ex. 8, 

Ex. 9. 

•·. 99 8=23; 
23 

and.·. S= 99 . 

Let S= .8333 

then 100 8=83.333 

and !OS= 8.333 . 

. ·. 90S=75; 
75 5 

.·. S=90=6· 

Let S = .7141414 

1000 S = 714.1414 •• , • 

108= 7.1414 ... 

. . 990 S = 707; 
707 

and . ·. S = 9 90 · 

Let S = ·956666 

1000 S = 956.666 . 

100 S = 95.666 •. 

. ·. 900 S = 861 ; 

. . . .. 

861 287 

and · · • S = 900 = 300 · 

95 

(p. 116.)-PRon. 1. A body in motion moves over I mile 

in the.first second, but being acted upon by some retarding 

cause, it only moves over ½ a mi-le in the second second, 

¼ the third, and so on. Show that, according to this law of 

motion, the body, though it move on to all eternity, will 

never pass over a space greater than 2 miles. 

• The spaces passed over by the body in successive seconds 

1 1 ! , 1 & . , /; . .1 h 
are 1, 2, 4' 

8 10
, c., ·ad inpnitum, m1 es: we ave 
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therefore, in solving this problem, only to find the sum of 
an infinite geometric series, in which 

a=l ~ · a l 2 
1 and.·. S=-

1
-=-

1 1=-2 1
=2 miles, 

r=- -r -2 -
2 

a distance beyond which the body can never travel. 

HA.RMONIC PROGRESSION. 

(p. 118.)-Ex. 4. Find a harmonic mean between 12 
and 6. 

Let x be the mean required ; 

l 1 1 . 
Then ·-' -, -, are in arithmetic progress10n · 

12 X 6 ' 

1 1 1 
... 12- ;=;-6 

~=__!__+! 
X 12 6 

] 
=4; 

:. x=8. 

E x. 5. The numbers 4 and 6 are two terms of a har­
monic progression; find a third term. 

Let x be the third term required ; 

1 l l 
Then-, _, -, are terms in arithmetic progression; 

4 6 X 

1 1 1 l 
... 4-6=6-; 

1 2 1 
-=- - -
X 6 4 

I 
12 

.·. x=l2. 
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• (p. 118.)-Ex. 6. Find two harmonic means between 84 
and 56. 

Here a =~41 
l= 56 \ 

n=4 I 

a+tn-I)d= l 
1 I 

:. 84 +(4-l) d= 56 

l 1 
Sd= 56 -84 

- 84-56 
b6X84 

28 
56X84 

1 
- lGS; 

I 
:. d= 50-!: 

I I 7 1 
Heuce a+d = 84 + 50-1 = bO-! = 72 

I 2 8 1 
a+2d = 8-1 + 50-1 = .:,0-1 = G3; 

and therefore the required means arc 72 and 63. 

E 7. Insert three harmonic means between 15 and 3. 

Here a-_!_) 
- 15 ( 

l= ~) 3 

n=5 

And a+(n-l)d=l 

:. -~+(5-l)d=~ 
15 3 

H 

4d=±_ 
15 

I 
:. d= 15: 
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I I 2 
And .a+d=15+15=15 

1 2 1 
a+2d= lb+ 15=5 

1 3 4 
a+3d= 15 + 15 = 15: 

15 15 
Hence the required means are 2 , 5, 4 . 

PERMUTATIONS, 

(p. 123.)-Ex. 4. How many permutations can be formed 
out of 10 letters, taken 5 at a time ? 

n= 10 ( 
r= 5 5 :.theNo.=n(n-l)(n-2) ... (n-r+l) 

= 10 (10 -1).(10-2) (10-3) (10-4) 

= 10.9.8.7 .6 

=30240. 

Ex. 5. How mauy permutations can be formed out of the 
words Algebra and Missippi r~spectively, all the letters 
being- taken at once? 

( l.) In the word Algebra, there are 7 letters, and a oc­
curs twice; 

. 7.6.5.4.3.2.1 
:. the No. of permutat10ns = l. 2 =2520. 

(2.) In JJfissippi there are 8 letters, and i occurs tlirice, 
s twice, and p twice ; 

N f 
. 8.7.6.5.4.3.2.l 

:. the o. o permutations= 1 2 3 1 2 1 9 
= 1680. 

· . X , X .... 
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COMBINATIONS, 

(p. 124.)-Ex. 3. Find how many different combinations 
of 8 letters, taken in every possible way, can be made. 

The general expression for the number of combinations of 

. . n(n-1) (n-2) ... (n-r+l). 
n thmgs taken r together 1s 1 . 2 . 3 ... r ' 

and therefore in this example, 

8 n 
whenr= 1, 1 ························=1 

n(n-1) 8.7 
r= 2, 1.2 ............... -1.2 ................. . 

n(n-1) (n-2) 8.7.6 
r= 3 , 1.2.a ...... =1.2.3 ............... . 

8 

28 

56 

n(n-1) (n-2) (n-3) 8.7 .6 .5 
r= 4, 1.2.3.4 1.2.3.4 ............ 70 

n(n-1) ... (n-4) 8.,7.6.5.4 
r= 5 , 1.2 ......... 5 ... =1.2.3.4.5......... 56 

n(n-1) ... (n-5) 8.7.6.5.4.3 

r = 6 , 1.2 ... o ... = 1.2.3.4.5.6 ...... 28 

n(n-1) ... (n-6) 8.7.6.5.4.3.2 
,. = 7, 1 ') 7 ... =-1 2-3 4 5 6 ... 

·- ...... . .•..• 7 
8 

n(n-1) ... (n-7) 8.7.6.5.4.3.2.1 

· .. •" r = B, l 9 8 .. ' = 1 2 3 4 5 6 7 8 ;4. = ·- ... . ..... . 
Hence the total number of combinations= 255 

It ma.y be observed that this solution, which is deduced 
from the general formula, is more comDrehensive than the 
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definition (Alg. Art. 89), which does not include the case 
when r = l, appears to warrant. The total number of 
combinations of six colours (Ex. 2.) have in like manner 
Leen found to be 63 instead of 57. The language of Algebra 
from its generality is indeed far more extensive in its signi­
fication than that of ordinary discourse; and for this rea­
son, it is of the utmost importance to be able to interpret 
correctly-especially in the application of the algebraic 
analysis to researches in physical science, one of the most 
important objects of mathematical study-the results which 
may arise in the solution of a problem. 

THE END, 
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