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CHAPTER I.—DEFINITIONS.

(p. 3.)—Ex. 8. If a=>5, b=4, c=3, d=2, r=1,y=0;
find the numerical values of the following expressions :

(1) atbtctz=>5+443+1
—13

@) a—btc—zty=>5—4+8—1+40
L

=4—1
=3.

(3.) ab4-8ac—bec - 4cz—rzy =5X4+8 X 5X 3—4X3

+4)(3X1—1X0 =20+45—1‘2+12—0
=77—12
—=(6}5):

(4.) abc—abd-+bcd—acz =5X 4 X 8—5X4X2+4X3

X2—5%3X1 = 60—40+424—15
—84—40—15
—29.

&) 3abc+4acz—86dx+axy_—_: 3X5X4X344X5X3

%1 —8x4x2x1+5x1x0=180+60—64+O
: —=240—64
— [L7f(5

Ex. 2. If a=38, b=2, c=1; find the numerical values of
3a+c_3x3+] 941 10

() dbta 4x2+3 843 11
s
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a42b—c  342x2—1 s Sl d Ll g
2 3a+b—5c 3X34+2—5X1 942—5 6

ab+ac—be 3X243%X1—2x1
&) 2ab—2ac+bc 2X3X2—2X 3X1F2X1
648—2 7
9 g

1(p. 5.%—Ex. 4. fa=1, 5=3, ¢=35, d=0; find the
values o
(1) @42b—c=1242%3—5
=146—5
=9
(2.) @4-8br—ci=124 3% 3 —5¢
—148%9—25
—=1427—95

(3.) a*4-20°4-3c?f-4d>— 124-2%¢ 3243 X 524-4 ¢ 02
= 1+2x9+3x25+4x0
— l+18+75+0
=94

(4.) Ba’hb—2bctdc’—4a°d =3 12X 3—2% 32 5
+4X52—4x12%0 =3Xlx3—2x9x5+4x25—4><1x0
=9—904-100—0
= 12k
(5.) a4b=1"43s
—1497
=8}
ad b? cS | BRSO 58
Ll g o s
IS 27 o
Zol s T
e lod
RG]
— 1
Ex. 5. Let a — 64, b=8l1, c=1; find the values of
(1) vYa+Vo—=vei+ vl

=849
=17
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(p.-5.) @) Vat¥Vietve= Vi HVEIHV.
|
=18
(38) Vabe=¥64x81x]1
=45184
=

CHAP. I1.—ADDITION.

Case L (p. 7.)

Ex. 4. Ex. 5. Ex. 6.
82342 — % 7a3—8a?b+ 2ab’— 8b6° 227y — 3z+4 2
2234 2?—8z 4a’— ab+ ab*— b 4ay— 224 1
1234227 —22% @d—2a2b+ 3ab*— 563  8a’y— 52410
4234 2°— 2 b5at—38a’h+4 4ab*— 2b° zy— 415

67t 80 —7z 170—9ab410ab'—115* 1027y —112428

Case IL (p.8.)

Ex. 4. Ex. 5. , Ex. 6.
43— 2243y 5a3—2ab+4- b* 4z%y*4-2zy —3
— 234 42— Y — a*+ ab—2b* — 22— zy—]
723— x49y 4a*—3ab+ b* Sz’ t-4zy—5
9234212 —2y Qa3 4-4ab—4b* —92%y?—22y+9
1923422249y 10a3 = —40° —3z%*4-3xy ¥

SIMPLE EQUATIONS CONTAINING ONE UNKNOWN
QUANTITY.
(p. 11.)—Ex. 5. Given 10z =150; find the value of z.
Dividing both sides of the equation by 10, we get
P — 1
Ex. 6. 8r4-4z+72 = 84.
Collecting the terms, 14z =84,
Dividing by 14, z =6,
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Ex. 7. 8r—bzr+4x—22x —=25.
122 —77 —25,
Dp—0h

ST,
Ex. 8. 122 =82 —42—z = 24.
122 —8x —=24,
do—24;

R T—06}

ProBLEMS.

(p- 15.)—Pros. 6. A horse and a saddle were bought for
£40, but the horse cost 9 times as much as the saddle -
what was the price of each ?

Let 2 = the price of the saddle in £,

ORG-S A horse ......
But price of the saddle 4 price of the horse =— £40.
% 2‘—*—91’ - 40,
102 —40;;
- x=4£4, the price of the saddle,
and 9z ==sE3B "~ Ji Tl R T horse.

Pros. 7. Divide two dozen marbles between Richard and
Andrew, so that Richard may have three times as many as

Andrew.
Let # = the number Andrew receives,

then Sz=— 2t R 0% Richard ot
But the No. to be divided between them is two doz., or 24,
v 743z =24, :
4dx — 24 5

- = 6, Andrew’s share,
and 8z =18, Richard’s ......

- Pros. 8. A boy being asked how many marbles he had,
said, If I had twice as many more, I should have 36. How
many had he?
Let x = the number of marbles the boy had,
then 2z = twice as many as he had.
But the marbles the boy had, and twice as many besides,
make 36,
o Z‘+Q$ —36,
3z —36 M
R D
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(p- 17.)—ProsB. 13. A gentleman meeting four poor per-
sons, gave five shillings amongst them; to the second he
gave twice, to the third thrice, and to the fourth four times
as much as to the first. What did he give to each ?

Let z = the No. of pence he gave to the 1% person,
.2(1

(Thon D = oo s Tiam s beaadacomsaciapnarn e ne o A0 SN
' P et S e gai SR
ATA A T 2o e sk cane s Symaaioe R TSR LR SR

But the money which the gentleman gave among them
was 5s., or 60d.
5 z42z43zt4r = 60,
10z =60
s z=~6d.
Hence, he gave to each poor person respectively, 6d., 12d.,
18d., and 24d.

Pros. 14. Divide a line 12 feet long into three parts,
such that the middle one shall be double the least, and the

greatest triple the least part.
Let z — length in feet of the least part,

then 22 == «coveasncsasnsnsones middle ..... 3
ANA 8L == eeceeneessesnsesenes greatest «oo-ee
5 x4 2r432 = 12,
62 —12;
- z—2, length of the least part in feet ;
O =—4, ceecerncscens .. middle c.eeeeees
Gr=—="0, cesceocnrecrees greatest .cooeeeee

Pros. 15. Divide 40 into three such parts, that the first
ghall be 5 times the second, and the third equal to the dif-
ference between the first and second.

Let z = the second part,
then 5z = the first  ......
- 5z—z or4z="the third
Now these three parts taken together are to make 40;
s r4brt4r = 40,

l0zi— 40 S
. z— 4, the second part,
5z =20, the first  ......
and 4z — 16, the third  ......

Pros. 16. A grocer mixed three kinds of tea, Bohea at
3s. per b, Twankay at 5s., and Souchong at 7s. per Ib.
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The mixture contains the same quantity of each, and
cost £6. How many Ibs. are there of each kind ?
Let # = the number of ibs. of each kind ;
then 32 — the price of the Bohea 7n shillings,
O = LU RTREAE 00 Twankay .........
anifl Fop == e Souchong ....... =
But the mixture, or the three kinds taken together, cost
£6, or 120s.
o Sa4-5r4T72 =120,
157 =90\

= =38, the No. of Ibs. of each kind_

(p. 17.)—ProB. 17. A bill of £700 was paid in sove-
reigns, half-sovereigns, and crowns, and an equal number
of each was used. Find the number.

Let z be the number of each species of coin ;
then 20z = the value of the sovereigns i shillings,

0 = SRR A R half-sovereigns .........

B == 5 bocoa R0 Crowns

Now, by the problem, the sum of their values is £700,

or 14000s.
<~ 2024-1024-52 = 14000,
352 =14000;
S r=—=400;

Pros. 18. Two travellers set out at the same time from
Guildford and London, a distance of 27 miles apart; the
one walks 4 miles an hour, and the other 5 miles. In how
many hours will they meet ?

Let 2 be the number of hours :
then 42 = number of miles the one walks,
andiyz e S the other ......

But together they walk 27 miles;

o dad-by — 27,
Opp=007/ ¢
.~ =238 hours.

Pros. 19. A person bought a horse, chaise, and harness,
for £120; the price of the horse was twice the price of the
harness, and the price of the chaise twice the price of both
horse and harness; what was the price of each ?

Let 2 = the price of the harness in £
then 9z oS s & i horse
and 62 = NS S, chaise ......
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Therefore, by the problem,
z422462 =120,

9z = 1203
. z—4£13 6s. 8d., price of harness,
92 =—%£26 13 4  ccceeeres horse,
and 6z =£80 0 0  .ccocoee chaise.

SysrrACTION.— (D 18.)

Ex. 6. Bx. 7 Ex. 8.

From 7zy+2z—3Y 14zt4y— 2— 5 1828—22%+ 7
Subtract 2zy— z+ ¥ zty+ z—11 — 234 2?— 6
AT LETYTE AT TR
Rem’. bHzy+8z—4y 137 x* —2z-4 6 1428 —3z%+13
boy82—4Y L T

SIMPLE EQUATIONS CONTAINING ONLY ONE UNENOWN
QUANTITY.

(p- 20.)—Ex. 4. 9248 =417
Here, by transposing the z to the left-hand side, and the 3
to the right-hand side of the equation, and changing their
signs, we get :
9z—z=17—3

S = 14.

Ex. 5. 5y—4 — 42425

By transposition, 5z—42 = 2544 ;
o z=29.

Ex. 6. 7x—9 = 62—3

1z—6z=9 —3
G fig == (o)

Ex. 7. Ap+4-2a = 324-9b

Transposing, 42—37 = 9b—2a
v 9b 2a.
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(p. 20.) Ex. 8. 15244—34
152 — 84—4
152 =380;
“ by dividing (RuLe L) both sides of the equation by 15,

=2

Ex. 9. 8247 = 62427
8.’27—6.%‘ = 27—7
22 — 20
s 2 =10,

Ex. 10. 92—8 = 42499,
Yr—4z — 22+3
Sz =25
< Dividing both sides by 5, 2 = 5.

Ex. 1. 172—d049 — 374 99,
By transposition, 172 —42—3, — 39—9

And collecting the terms, 10z — 30
. Dividing (RuLE I.) both sides of the equation by 10,

=35

Ex. 12. az—c = b4-2¢.

By transposing ¢ to the right-hand side, the equation
becomes
a4z =b4-2c4c
Or az =b-4-3¢
Divide (Rurk I.) both sides of the equation by a, and then,

oohar
8ince —-=z, we have

b+48c

a

X =

Ex, 15, 42— (8z44) —=8.

This equation becomes, after the bracket has been taken
away,
4x—8r—4 —38
By transposition, 42—3r =844,
I 12.
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(p. 20.)—Ex. 16. 8z—(62—8) —9—(8—2)

Take away the brackets, then the equation becomes, after
the signs of the quantities within them have been changed,
8z—6z+4+8 = 9—3+2.

And, transposing, 87—6z—2 = 9—3—8;
nr=—2.

Ex. 17. do—(32—6)—(4z—12) = 12—(52—10).

47 —8z4+6—4z+12 = 12—524-10
4z —3zx—4z4-5r = 12-410—6—12

9r —4;
s x=2.
Ex. 18. 5x—(3+3x) — 8—-(—-1‘-—1).

5x—8—38x — 8+z+1

92—3 =94z

Q—x—=— 9433

=
PROBLEMS.

(p. 21.)—Pros. 4. At an election 420 persons voted, and
the successful candidate had a majority of 46. How many
voted for each candidate ?

Let 2 — No. of votes the unsuccessful candidate had,
then z-446 = ceeeenseceenes the successful one had,
and the number of persons who voted was 420 ;
o o-z-446 = 420, "
97446 = 420,

9x — 420—46,
0y — 874; ;
.. z — 187, the No. of votes one had,
and 2446 = 283, ceeoeeeee the other had.

(p. 22.)—PROB. 5. One of two rods is 8 feet longer than
the other, and the longer rod is three times the length of
the shorter. What are their lengths ?

Let = — the length in feet of the shorter rod,
fhen T8 == ccerresnaresnreressascsniontse longer o.e...
and 3z — 3 times the length in feet of the shorter.
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But the longer rod is equal to 8 times the length of the
shorter;
<248 =8z
By transposition, 87—z — 8,
R =—18"
'« ¥ =4 feet, length of the shorter rod,
andyz | Bie—iof 8 U longer ......

(p-22.)—Pros. 6. Five times a number diminished by 16
is equal to three times the number, What is the number ?
Let z be the number, ;
then 32 — 3 times the number,
and 52— S¥timess )
But when 16 has been subtracted from 5 times the num-
ber, the remainder is equal to 3 times the number ;
<52 —16 = 32,
5z‘—3x == 16,
20 —16 H
<. &= 8, the number required.

Pros. 8. A draper has three pieces of cloth, which to-
gether measured 159 yards; the second piece was 15 yards
longer than the first, and the third 24 yards longer than the
second. What is the length of each piece ?

Let z — the length in yards of the 1t piece,
Gemastloe—"" .~ .. seeaesais DM ke ssone
and z4154-24 — ............. OO A SRR
But the length of the three pieces taken together is 159 yda.
e &4 (2415) 4 (24-154-24) — 159.
Collecting the terms, 3x4-54 = 159,
8z = 159—54,

8x =105 ;
& & =35 yds., length of 1st piece,
@ L1550 .............in. ROTRE
and #4-154-24 — 74 oovovrvurreii D

Pros. 9. Divide £36 among three persons, A, B, and C,
in such a manner that B shall have £4 more than A, and
C £7 more than B.

Let # = A’s share in £
then2{-4 = B’s .....,
and z 4 11 < C’s ,...........
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And the sum of their shares is £36 3
. 24o44tat1l =36

3z4-15 = 36,
3z — 3615,
Sr— 213
..z =&£7, A's share,
z44 = £11, Bl e
and z+11 = £18, C’s .coee

(p. 22.)—FProB. 10. A gentleman buys four horses; for
the second he gives £12 more than for the first; for the
third £5 more than for the second ; and for the fourth £2
more than for the third. The sum paid for all the horses
was £240. Find the price of each.

Let o — the price in £ of the 1%t horse,

then 212 == veepopuiilionszssnsenss Qd reie
£t 1T == s s 00 esevavasnaazmess 8 cecves
and 219 == .coeernseecerneneneeneee 4 Loeee

Now the sum paid for all the horses was £240,
z+x+12+x+17+x+19 = 240,

42448 =240,
4z =—240—48,

4z =192;
oz =—A48. :

The prices therefore of the four horses are £48, £60, £65,
and £67, respectively. .

(p- 24.)—Pros. 14. It is required to divide the number
99 into five such parts, that the first may exceed the second
by 3, be less than the third by 10, greater than the fourth
by 9, and less than the fifth by 16.

Assume the 1% part =2z -+ 3,

then ... 2% ... ==,
8t .. =atls,
S B = i

and ... 5. =a419,
And the several parts being added together amount to 99
x+3+x+x+13+z-—6+x+19 =995
Collecting the terms together, 52429 =99.
By transposition, 5z = 99—29,
52 =703

Hence, the several parts are 17, 14, 27, 8, 33.
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(P- 24.)—ProB. 15. Two merchants entered into a specu-
lation by which A gained £54 more than B, The whole
gain was £49 less than three times the gain of B; what
were their gains?

Let 2 = B’s gain in £
thenz4-54 —=A’s ...

Now the sum of the gain of A and B was the whole gain;
. the whole gain — 2z4-54 ;
But by the problem, the whole gain was £49 less than
three times B’s gain ;
. the whole gain is also — 3z —49.

These two different expressions for the whole gain must
necessarily be equal ;
<. 82—49 =927 —54,
82 —2zx — 54449 ;
<. 2 =£103, B’s gain,
and z4-54 = £157, A’s

Pros. 16. In dividing a lot of apples among a certain
number of boys, I found that by giving 6 to each, T should
have too few by 8, and by giving 4 to each boy I should
have 12 remaining. How many boys were there ?

Let 2 — the number of boys ;

Then, if I had given 6 apples to each boy, the number of
apples given away would have been 6z, which is a number
greater than the number of apples I had by 8;

-*. the number of apples 1 had was — 6z=—8.

Again, if I had given 4 apples to each boy, I should
have given away 4z apples, and should then have had 12
remaining ;

.. the number of apples 1 had was =4z412.

These two expressions for the number of apples must

necessarily be equal to each other ;
.62 —8=42412,
6z—4z — 12+8,
22 —20 H
o.. T = 100
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Morrreuication. Case L—(p. 26.)
Ex. 5. Ex. 6. Ex. 7. Ex. 8.
4abc 9x%y? —A4cdx —7az%y
3ac —2y 2¢ —2ac’x
12a%bc? —182%° —8c*dx +14a’c*z%y
— e ——
Case IL
Ex. 4. Ex. 5.
Multiply 12a3—2a244a—1 9a?z+4-3a—z+1
by 3z — z°
BRI
Product 86a’z—6a’z+12a2—3% —9a2zd—3ax* 2 —2"
86a’r—ba’z T 2T =

Ex. 6.  Multiply 4oy 43 —2Y
by — 32y
Product —12a%y?—92%y4-62y*
//

Multiply a*+8ab+3ab*+b°
by a+b
a*4+-3a*b 80’0+ ab®
-+ a*b+3a?b*+-3ab*4-b*
T s el
a4+4a3b+6a2b2+4ab3+b‘

(p. 27.)—Ex. 8.

(p. 28.)—Ex. 9. Multiply 42%y-+3zy—1
by 20t =2

e | UG RTE
8aiy 46 2%y —22*
—42%y—32%Y 4+

i
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(p. 28.)—Ex. 10. I—22r—5
22°4-2 4-1
22°—224 4 23— 102
+ 2'— 234 225y
+ 23— 24 =5

Qx5 — 244223 —] 02?—42—5
W e e e

Ex. 11. 3a*4-2ab—p?
3a*—2ab4-b?
9a*4-6 b —3a2p2
—6a% —4a2b24 2403
; +3a%b>4-2ab3— bt
9at % —4da*b’44ab3—p

Ex. 12. x3+x'~’y+xy2+y3
Li—1/
R R
S e
—z3y_x?y2_zy3_y4

zt ¥ * * —yt

Ex, 13 2?—3z4]
z*—1z
=223 g2
i

A SR i
x“—-gﬂ-}-gz?—%x

ON THE SOLUTION OF SIMPLE EQUATIONS CONTAINING
ONLY ONE UNKNOWN QUANTITY,
Ex. 8. 6 (z4-8) 442 — 58,
This equation becomes, by multiplying the 243 within
the bracket by the 6 which is without it,
624184 4z — 58,
or 184102 = 58,
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By transposition, 10z = 58—18,
102 =—40;
Lr=—4

(p. 28.)—Ex. 4. 30 (z—3)+4+6=56 (z42)
This equation, after the multiplications have been per-

formed, becomes
302—904-6 = 67+412,
30z —84 — 62412
Transposing, 30z—6z = 12 + 84,
D4 =—196%
Sr—4.

Ex. 5. 5(z+4)—3 (z—5) = 49.
Performing the multiplications,

52420 —8z415 =49;

Collecting the terms, 20435 =49,

2r — 49—35.
o2x — 14.
r="1.

Ex. 6. 4 (8+2zr)—2 (6—22) = 60.
124-8x—124-42 = 60,
122 — 60,

P o

Ex.7. 8 (z—2)+4=4(3—2).
3 —64-4 = 12—4z,
3xt-dz =12+6—4,
Tx=14;
==
Ex.8. 6 (4—z) —4(6—2z) —12=0.
9426 —24 B —12=0,
—62+82—12=0,
8r—6x = 12,
Dpi—r121
=101
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PROBLEMS,

(p. 30.)—ProB. 4. What number is that to which if 8 be
added, twice the sum will be 24 ?

Let 2 denote the number;

then 24-6 — the number, and 6 added to it;
and 2 (z+4-6) = twice this sum.

But twice this sum is equal to 24 ;
< 2(24-6) =24,

22412 — 24,
27 =24—12,
2z —12 N
b aR==2(5

Pros. 5. What two numbers are those, whose difference

is 6, and if 12 be added to 4 times their sum, the whole will
be 60°?

Let 2 = the less number,
then 246 = the greater number ;
<+ 224-6 = the sum of the numbers,
and 4 (22+4-6) =4 times the sum of the numbers,
But 4 times the sum of the Nos. +12 =60;
o 4 (2246) 412 = 60.
82424 112 — 60,

8x+4-36 =60,
8z = 60—36,
Sr=91"

] <2 =3, the less No.
and z+4-6 = 9, the greater No.

Proz. 6. Tea at 6s. per 1b. is mixed with tea at 4g
and 16 Ibs. of the mixture is sold for £3 18s.
Ibs. were there of each sort ?

. per 1b.,
How many

Let 2 = the number of lbs, at 6s. per lb.,
then 165 am=—F el 7 wa s i 4s

ooooooo

~» 6z = the price in shillings of the former kind,

and4 (16_:(:) ==t 006 0 U000 000000G0T0N 00 BGE A ]attel‘ cescs0
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But the sum of these prices amounts to £3 18s. or to 78s. ;

o 6Z+4 (16—27) s 78’
624-64—4z =18,

97 — 78—64,
D — 14;
=T lbs.

and 16—z =9 lbs.

(p- 31.)—Pros. 7. The speed of a railway train is 24 miles
an hour, and 3 hours after its departure an express train is
started to run 32 miles an hour. In how many hours does
the express overtake the train first started ?

Let the express overtake the 1% train in z hours ;
then the 1% train runs z-+43 hours ;
.82z — the No. of miles run by the express train,
and 24 (248) = cervrernrieniiiiiiiinisiincnnns Lot e e
But these two expressions, since the trains run the same
distance, must be equal to each other;
o 822 = 24 (z+3),
32zx =24 2472,
322 —242 — 72,
Bx =172
. z =29 hours.

(p- 82.)—Pros. 13. There are two numbers whose dif-
ference is 14, and if 9 times the less be subtracted from
6 times the greater, the remainder will be 83. What are
the numbers ?

Let 2 = the less number,
then z-}14 = the greater number ;
s 92 = 9 times the less number,
and 6 (z-+14) — 6 times the greater number.

But when 9 times the less is subtracted from 6 times the
greater, the remainder is 33.

-~ 6 (z414) —92 —38,

6z--84—92 = 33.

By transposition, 92—62 — 84 —33,
2= 51 H
- z =17, the less number,
and 2414 = 81, the greater number.

Pros. 14, Two persons, A and B, lay out equal sums of
c
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money in trade; A gains £120, and B loses £80 ; and now
A’s money is ¢reble of B’s.  What sum had each at first ?
Let 2 = the number of £ laid out by eac?,
then 4120 — A’s capital and gain in £,
and z—80 = the residue of B’s capital after losing £80,
and A’s money is now treble of B’s ;
s 24120 =3 (2—80),
24120 =32 —240.
Transposing, 8z—z = 1204240,
Di—13601:
= x =£180, the sum laid out by each.

(p- 32.)—Pros. 15. A rectangle is 8 feet long, and if it
were 2 feet broader, its area would be 48 feet. Find the
breadth.

Let # = the breadth in feet;
then 42 — the breadth, if it were 2 feet broader ;
Now the area =Ilength multiplied by the breadth,

=8 (.’L‘—*—I?.).
But by the problem, the area =48 feet ;
- 8 (24-2)=48.
82416 = 48,
8z —48,—16.
8x=189:

s z = 4ft., the breadthrequired.

Pros. 16. William has 4 times as many marbles as
Thomas, but, if 12 be given to each, William will then
have only twice as many as Thomas. How many las each?

Let 2 = the number Thomas has,

thien 4y —=Rutes vvttiuhe William ..
s #-+12 = the No. Thomas has, after 12 are given to him,
ol T R S T e (i e e v iy fai it e

But William has now only fwice as many as Thomas ;
o dzd12 =2 (2412),
47412 — 22494,
4r—2r —24—12,
D=1k 5
=

and .. William has 24, and Thomas has 6 marbles.
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(p. 83.)—Pros. 18. Two rectangular boards are equal in
area; the breadth of the one is 18 inches, and that of the
other 16 inches, and the difference of their lengths 4 inches.
Find the length of each, and the common area.

Let z — the length in inches of one board,

then z- 4 =" .. i e aahetiies the other;
~. the area of the 1%t board = 18z,
and el Rlan 2% eeie =16 (z4-4).

But by the problem the two areas are equal;
-~ 182 — 16 (z+4),
182 = 162+4-64 ;
& 182—162 = 64,
Qri— 64

O 32,’ the length of one board,
and 244 =386, sececrsiascnnes the other ......
Incesin:
The area of the 1% board = 82X 18 = 576 sq. inches,
.................. D s S OB == O S A St s e

Hence, it is evident, that the areas of the two boards are
the same, and that their common area is 576 square inches.

(p. 34.)—Pros. 21. A weight of 6 Ibs. balances a weight
of 24 Ibs. on a straight lever (supposed to be without
weight), whose length is 20 inches; if 3 Ibs. be added to
each weight, how many inches must be added to the shorter
arm, in order that the lever may in its original position
retain its equilibrium ?

In the solution to problem 20 (vide Algebra), it has been
found, that the arms of the lever, in its original position,
are 4 and 16 inches respectively.

Let then z = the No. of inches by which the shorter arm
is lengthened,
And the lengths of the arms will be #+44 and 16 inches
re:pectively,
And the weights corresponding to them will be 27 and
9 1bs. respectively ;
Hence, in order that the lever may still retain its equi-
librium, we must have the equality;
97 (z44) = 9% 16,
3 (z4-4) =16,
Sr412 =16,
Bt
ol ="k ineln
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(p. 34.)—Pros. 22. A garrison of 1000 men was vic-
tualled for 30 days; after 10 days it was reinforced; and
then the provisions were exhausted in 5 days. Find the
number of men in the reinforcement ?

At the time the reinforcement arrived, the provisions re-
maining unconsumed were sufficient to have lasted the
garrison for 20 days:

Then, if 2 be the number of the reinforcement, it is evi-
dent that we must have the equality ;

(24-1000) 5 = 1000 X 20,
5245000 = 20000,
5z =15000 ;
s 2 = 38000, No. of the reinforcement.

Pros. 23. Two triangles have each a base of 20 feet; but
the altitude of one of them is 6 feet less than that of the
other, and the area of the greater triangle is twice that of
the less. Find their altitudes.

Let z = the altitude in feet of the less triangle,

Ok e B == R P e it o 0080 greatert.d...

= the area of the less triangle =} (20X 2) = 10z,
and the area of the greater ...... = 4 (2+46) X 20=10(z+-6)

But by the problem,
10 (24-6) =2X 10z ;

W 246 =2z ;
s 2= 6 in., the altitude of the less triangle,
and o6 ==yl 2R Fe it s abeed o greater ...,

ProB.24. A and B began to play with equal sums; A
won 12s.; then 6 times A’s money was equal to 9 times B’s.
‘What had each at first ?

Let 2z = the No. of shillings each began to play with;
then 2412 = A’s money after winning 12s. ;

and »—12;— Bis sl losing 12s.

= by the problem, 9 (z—12) = 6 (z+12),
92—108 = 62472,
9z —62 =724-108,
3z — 180,
arae=60s=—1:X3,

(p. 85.)—ProsB. 25. A company settling their reckoning
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at a tavern, pay 4 shillings each; but observe, that if there
had been five more, they would only have paid 3 shillings
each. How many were there ?
Let # — the number of the company ;
then 245 = .ceceeeueaneree if there had been 5 more ;
. 47 — the amount the company paid in shillings,
and 8 (z-45) = the amount paid, if there had been 5 more.
But what they actually paid, and what they would have
paid if there had been 5 more, were the same in amount,
viz., the reckoning ;
s dz =3 (z+5),
4z =—32415;
.z = 15, the No. of the company.

(p. 35.)—Pros. 26. Two persons, A and B, at the same
time set out from two towns 40 miles apart, and meet each
other in 5 hours ; but B walks 2 miles an hour more than A.
How many miles does A walk in an hour ?

Let 2 — the number of miles A walks in an hour,
then 242 = ..cccocveearucearacnnnes 1% R AR S e,
.. since they each walk 5 hours before they meet,
52 — the number of miles A walks,
and 5 (z42) = -eeceeeeen OB ObEIE00 1837 koot
But the number of miles which both A and B walk, is
the distance between the two towns, or 40 miles ;
= 5245 (a42) =40,
5z+45z2410 =40,

102410 =40,
10z = 40—10,
07— 30

.. z =3 miles.

e

Division. Case L—(p. 36.)

Ex. 4. Ex. 5.
Divide 25a%c? by —5a’c. Divide —14a?b*c by 7ac.
25a’c? —14a3b%
hdage = —bac. A P

—Ha’c +7ac
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(p.86.)—Ex. 6. Divide —202%%¢ by —4yz.
=205%%28 uiuiiy e
-Tyz__-}-f)x 9=

Case IL.—(p. 87.)

Ex. 3. Divide 42°—2424-2x by 2z.
423 —22°4 22 42 222 2 2
s ieREanE b, et Pl

Ex. 4. Divide —24a%2% —3azy 46222 by —3zy.
—24@2% —3axy4-62%°  24a%y 3azy 6a%y?
—3zy 5 3zy Sxy — 3zy
= 8a’z+4-a—2zy.

Ex. 5. Divide 14ab’+7a22—21a2b3+435ab* by 7ab.
14ab* 4700 —21a?0*+4-85ab%  14ab® = 7a2h*  21a?b®  854b°
7ab w1 Tab Tab T abt Tab
= 2b°}ab—3ab*+-552,

Case IIL.—(p. 40.)

Bx. 7.
a+6) @' 4-40°0 4602024 4ab3 4 b (a3+3a2b+3a62+63
a‘4- a®b
:~3a3é+6a2b2
8a3b4-3ab?
% Sa%*f-4as
3a26%4-3ab?
R
ab3+&4
* L

R —
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(p- 40.)—Ex. 8.

a3— 302z + Saa?—a3 )ap —bate +10a322—10a2% + Saxt—uxd (a’b’ —2az + 2?
a’—38atz + 3a’z?— a’z®
* —2a'z + 7atz?—9a’r*+4-5azt
—2atz4 6a°z*— 6a*z*4-2axt
* 4 a3z —8az’4-3axt —z°
4+ a*a?—3a*2r*4-3azt—z

* * * *
Ex. 9
5z3—4x2>25x6—x4—2x3—8x'-’ (5x3+4x2+3x+2
252°—202°
* +202°— 2
42025 — 162

* 4l5zt— 22°
+152t—122°

+ 4-1023—82?

+4102°—8a*
* *
Ex. 10.
a+2x) a*+48atr-24a%s?+-3202°+ 162" (a3+602x+12ax2+8x'
a*4-2a%x
* 6a’z424a’2”
6a*z4-12a%z*
+  120%2°4-32a2®
12a22°+4-24az®
i fyen e o
* 8az*+4162*
8aa’+4162*

* £
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(p. 41.)—Ex. 11.
a—x)a‘—ﬁ(a‘-}-a%-{-a"’x’-}-ax‘-}-z‘
a’—aty

* 4-atzr—25
+a‘z—a2x?

* J-a3z2—z5
~+tada?—qg?z3

* + aZzd— xs
~+a%x3—qazt

* dari—zs
+azt—as

* E

Ex. 12.

5z
(R 4 2o 2 e b T
822 Sx)gz‘i-gza 20z (2.7: +22+4-5 3732

* 46274 927
4623 — 622

* 4L1522—20z
~+1522—152
-

* — Sz

Fx a3,
32-43—5) 925 = 4625495224150z (9.1:‘- 102%4-521—302
928 —3862°—4524
* —102°4-452'4-9522
—] 0.7;5-~}-40:l:“-|-5O.r3

* 524 —50234-9522
+524—2023—2542

* —302°4-120224-1502
—302°+-120224-1502

* * *
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_\\\;_ ). (p-41)—Ex. 14
'ﬁ?f-2)x*—%x3+xz+%r-2(%I‘—%f’+1
3 ﬂ_%x3

Rt * —Zr 42t

—2 342"
. * +%x—2
+3%z—2
* ]

PROBLEMS PRODUCING SIMPLE EQUATIONS CONTAIN-
ING ONLY ONE UNENOWN QUANTITY.

(p. 42.)—ProB. 3. A cistern is filled in 20 minutes by 3
pipes, one of which conveys 10 gallons more, and another
5 gallons less, than the third per minute. The cistern holds
820 gallons. How much flows through each pipe in a
minute ?

Let z gallons flow through 3¢ pipe per min.-
then 210 coeeeoerersiarasenssoseesee ) LA O .
and Z=—5 weeececrrenscsnsnsennaaces OF e levesosennss
.. taking the sum of these, we get
8x45 = the galls. conveyed by all three per min.
5 10 (B8a45) == ceverevnnncnennannns v I 20 e

But the cistern, which is filled in 20 minutes, holds 820
gallons,
-~ 20 (3z+-5) =820,

3245 —41;
3x=36;
- z =12, galls. conveyed by 8% min.
2410 =22, .cveneene St L.
and 2—5=="T, eeerrsssessesesssencarcs D85 easne

Pros. 4. A and B have the same income: A lays by 3
of his; but B spending £60 a-year more than A, at the end
of 4 years finds himself £160 in debt, What did each an-
nually receive ?
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Let 52 — the income of each in £
then 2 — what A lays by annually
N 3. 2 —— e U SpEHdSER S i %
and 42460 = what B spends: s Saes
But B is running into debt; it is clear therefore that
his expenditure — his income — his debt ;
~ (424-60) —52 = B's annual debt,
and in 4 years he incurs a debt of £160 ;

o4 g (424-60) —52) }= 160,
4z 4 60—52 = 40,
60—z —=40;
S T =20,
and 52 = £100, the income of each.

Pros. 5. A met two beggars, B and C, and having a cer-
tain sum in his pocket, gave B 1 of it and C 25 of the
remainder: A now had 20d. left ; what had he at first ?

Assume 30z = the No. of d., which A had at first,
then 13:.0f: 80z, 0F Srd= ik /v i il A gave to B.

Now, the money which A gave deducted from what he
had is the remainder ;
- the remainder — 802 —57 — 254,
Of this remainder A gave 3 to C, or 28 of 25z =152 ;
then A had left 252 —152 — 10z.
But what he had left is by the problem = 20d.
- 10z = 20,
and 30z = 60d, — bs.

Pros. 6. A person has two horses, and a saddle worth
£60 ; if the saddle be put on the first horse, his value will
become double that of the second ; but if it be put on the
second, the value will become triple that of the first.
What is the value of each horse ?

Let 22 = the value of the 1¢ horse in £
then 22460 — double the value of the 24 horse in £
< #+4-30 = the value of the 2d horse in &£,

But the saddle being put on the 2¢ horse makes his value
triple that of the I¢t;
% (24-80)4-60 = triple the value of the 15 horse:
But 22 x8 = Steteensecatetetttetttnaiocnsnransssren
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Equating therefore these two equal values,
22X 8 = (24-30)+60,

62 — z+490,
5z =90,
= 18 5
- 97 — £36, the value of the 1% horse,
and 2430 = £48,ereeieineeiianieees ALY

(p- 43.)—Pros. 8. A person at play lost a third of his
money, and then won 4s.; he again lost a fourth of his
money, and then won 13s. ; lastly, he lost an eighth of what
he then had, and found he had 28s. left. What had he at
first ?

In the solution of this problem, the coefficient of z, which
is to be assumed, must be a multiple of 3, 4, and 8; since
the fractions %, %, &, are involved in the problem. The least
multiple of 3, 4, and 8, is 24. Assume, therefore,

947 — the number of shillings he had at first.

TFirst of all he lost £ of his money ; consequently, he had
2 of it left;

. what he had left was =% of 24z = 16z.

After this loss, he won 4s.

and .. he then had a sum in shillings = 16z+4-4.

He again lost } of his money, and - had 2 of it left;

- he now had left a sum =% (16z4-4) = 1224-3.

He now won 13s., and

:. he again had a sum = 1224-16.

Finally, he lost § of this last sum of money, and .. he
had Z of it left;

- he now had remaining a sum in shillings = Z (122+4-16).

But the money which in the end he had left, is stated in
the problem to be 28s. Hence, we have the equation,

1 (122416) =28,
122416 =4 X8,
120 — 16
o 24z = 32s. = £1 12s.
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CHAPTER III.
ON ALGEBRAIC FRACTIONS.

Zo reduce a mized Quantity to an improper Fraction.

(p-45.)—Ex. 4. Reduce 4ab sk ——to an improper fraction.

__4abX3a42: 194740
Here 4ab4 =~ =4 dd X3aa+ ‘= a3a+ g

Ex. 5. Reduce 852— > 52 to an improper fraction,

4a 3b2x5x—4a 15622 —4q.
gitis S o =
Here 32 5 5 5

a’—azx
— 5 to an improper fraction;
QP —ax a.z-—a:"’ at—azx
Here a—z+- = s
z z
a2_z-2
z » (since az—az =0,)

Ex. 6. Reduce a—z4

—

z—9
10 to an improper fraction.
4r—9 3z2x 10— (42—9) 302%—4z4-9
2 s — = .
Here 32 10 T 10

Ex, 7. Reduce 8z2—

70 reduce an tmproper Fraction to a mized Quantity.

(p- 46.)— Ex. 3. Reduce T;oz_z to a mixed quantity.

4z* - ;
Here oz 2% 1s the integral part,
—ba 5a

and oz — o, 18 the fractional part,

. . 5
»*. the mixed quantity required =2 =

L

22
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12a2+4a—3c

(p-46.)—Ex. 4 Reduce 0 to a mixed quantity.

19 4 do— Db Rk PEERDC L 3¢
4a T=odg. ke Ady a+1—4s"
1022y 4325 —2b ;
Ex. 5. Reduce __;7/;"';_2_____ to a mixed quantity.
1022y 4323 —2b" _ 10z%y , 32° o 20*
2 SR +_x?_ z;_,——lOy+3.z'— 1‘3’

which is the mixed quantity required.

To reduce Fractions to @ cOMmon Denominator.
(p. 47.)—Ex 4

3z 4bx bx? ;
Reduce and —a—’ to a common denominator.

—y ——,

5

3z X3aX a= 9a*x
4bx X5 X a—20abz p the new numerators,

522 X5 X311=75(1x2
et e TR
5 X3axX a= 1542, the new denominator ;

H the fracti i 9a?z 20abz 75ax*
e —_—
ence the fractions required are 757, T > Tha?

Bxe %

22z-+3 5x41
i d ;_ to a common denominator.

an

Reduce
%

Here (2243)%X3=062 +9 :
(504-1) X 7 Soreiy 2 the new numerators,
iR R

X3 =37, the new denominator;

6249 Sz’

AN CliErs

30

hence the required fractions are

Ex. 6.

42242z 81 2z 3
Reduce ———_5‘;- ’ Tﬁ" —5’ to a common denominator
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(42°4-22) X 4a % 36 — 48abx?+-24abs
322X 5 X3b—45bz2
22 X5 X4a — 40az
LI el e
5 X4ax38b —60ab

: 480bx2+24abx’ 45bz'~’, 40az B : .
: 60ad 60ab ~ 60ap > 2re the required fractions,

(p: 47.)—FEx. 7.

722—1 42—y 19
Reduce 5, —and 2a2+ to.a common denominator,

(72°—1) x 222 — 14a222—242
(42°—24-2) X2 — 8ys —22% 4z
22 X2 — 4q24

i X 14a222—942 82?—9222.1.4
.. the required fractions are #’and i\xtf
4a’y 4a2y

To reduce a Fraction ¢o its lowest Terms.
1023
1522

The greatest common divisor,
the denominator admit of, is 5z?

(p- 48.)—Ex. 4. Reduce

to its lowest terms.

that the numerator and

; - dividing them both
g 2z A

by 522, the fraction becomes 5 » Which is in the lowest

terms.

3abz?

ax

Ex. 5. Reduce

to its lowest terms.

The greatest common divisor is 3az ;
3abx“=b—x,which is in the lowest terms,
6az 2

.. after division,

14222 — 21432

723y
Here the greatest common divisor is 7a% ;

Ex. 6. Reduce

to its lowest terms,
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142702 —212%°
e ———m" =2y —371Y,

andﬁ=z

2y—3zY
e

Hence, the fraction in its lowest terms is

(p. 48.)—Ex. 7.

51az3—17224-34z
V722

The greatest quantity, which will divide both the nume-
rator and the denominator without remainders, is 17z.

Reduce to its lowest terms.

; 51.7:3—17.7:'-’-{-34:::_3 e

570 17z — 3a?—2+42,
1723

and 17z = z?

822 —z42
Z'Z

Hence the fraction in its lowest terms is

ON THE ADDITION, SUBTRACTION, MULTIPLICATION,
AND DIVISION, OF FRACTIONS.

To add Fractions together.

8z 5 4
(p. 50.) —Ex. 4. Add —7£’ -92’ and T? > together.

32X 9IX11=297x
52X 7TX11 =385z
4rXTX 9=252z
7 X9%11 =693

H i ¢ fracti __297x 3852 252x_934z
ence the sum of fractions ==gaa™ T Gg3 o o

3a?> 2a 30
Ex. 5. Add—gg’ i and 7 together.
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Here 8a*x5 %70 — 10545
2a X2bX 7a — 28a2%b
3b X2bx5 — 3002

26 X5 X7a="70ab

10523 = 2842 300 _ 10563428425 4-305
70ab ' 70ab +70a6— 70ab :

& the sum=

(p.50.)—Ex. 6. Addg"%]» oik2

x
> andi’ together.,

(Cz41)X5%7 — 702435

(4242)x3%7 =8424-42
TX3X5 =152

e T N T b gl
3X5X7T =105

702435 | 847442
. d ke
.. the reqd. sum — 05 T+ 105

—

+]’5x 1692477
1057 S ap

240 402425
Ex.7, Add 5(132_ and a52‘ together.

(504 ) X 56 = 25024552
(4a*4-26) X 86 =124 {642

86X 56 = 15b2

25a%b 4500 | 12a%4-6b2 37464115
.*. the sum = 1552 s it pe
3742
== (after dividing num’. and der’, by &) \701:5';116'
e—5 " z—1
iix, 8. = A 2 E2 g

5, together.

(22—5) X2z = 422—102
(z—1)X8 —3z— 3
: = R e

3X 22 — 62

X 422— 10z
*. the sum of fractions — —_—

3x—8  422—72—3
@, Bl 62 i 6z d

z x
Ex. 9, Add 7—g and Zusg together.
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zX (z43) = 2’432
zX (z—8) =a*—3x
(7—3) X (4+43) =2°—9
; 2?48z | 2°—3x__ 22?
». the sum of the fractions = —5—9 Uiy T Ve A

a—>b

- at-b
(p.50.)—Ex. 10. Add —5 and e together.
(a+b) X (a4D) = @+42ab4*
(a—b) X (a—b)= a?—2ab4-b*
(a—b) X (a+b)= a?—b*
a?4-2ab4-b* a?—2ab4-b2  2a>4-2b
sthesim=———p—+T—G_p = ¢-&

To subtract Fractional Quantities.

E Subtract -2 from o
(p- 51.)—Ex. 5. ubtract - from 15
42%10 =40z
9 5=—45z
5 %10="50
: : 45z 40z Lz <z
- the difference of the fractions =755 g =5=10"
5z+41 21 3
(p.52.) —Ex. 6. Subtract ;‘— from x4+ .
(z+1)x4= 20z+ 4
@12+3) X 7= 1472421
A —28
: 1472421 20z-+4-4 1272417
. the difference=—5g——"0g -~ 28 -

3.’Ii+l 4x
Ex. 7. Subtract e from o

(Bz+1) X5 =15z +5
daX (z4]) = 42’442

(z+1) X5 = 5z45
D
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: AR L

.*. the difference — Zohie — +. = — .
5245 S5z—45 5245

4 )
from x;- .

34

22—3
(p. 52.)—Ex. 8. Subtract gx

(2z—8)%X3 = 62 —9
(424-2) X832 = 12274 62

3zX3 — 9z
122’4+ 62 62—9 122249 4,213
“.*. the difference =— Eots — = e e= s 5
92 92 9z 3z

1 1
Ex. 9. Subtraect ot from =T

1x ((Z—b) a0
1X (a+4b)=a 4b
(a=b) X (a4b) = a—p?
- the difference = — i’ e _a+b—a+b= 26

a2— b2 az——fzw az—h2? az—p2 *
3x—17 4
Ex. 10. Subtract 2% from Tx

(B2 —7) X7 =21z —49

4% 8 — 392
8 X7=056
5 i 32 —_
-~ the difference of fractions — o=~ 2l 49=11x+49.
56 56 56

To multiply Fractional Quantities.
(p-53)—Ex.5.  Multiply %byéf.

27 3z 20X 3z 622
Here g e (@—1)X7 = 7z—7"
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CH. IIIL.
‘ D Maultiol Sx"’—zb 10
(p. 53.)—Ex. 6. ultiply — Vo
3a? —x 10 _(3z—l)xx2x5
5 Xom—1z 5x2a (2—2)
@zl x]_ Sz
1X z—2) =2
2a ~—b2
Ex. 7. Multiply —— by —5— -
as ®alShE A (a+b). (a—b)
a—b>< 8 (a—b) X4X2
__ax (a4b) _a’4ab
= 3 ik
: Sz 152—30
Ex. 8. Multiply 52—10 o
32 152—30 _3x)<1‘x3(5z'—10)
52—10 2% (bz—10)X2Xz
__3x>(3
TR
L9
D
On the Division of Fractions.
Bt 9
(p- 54.)—Ex. 4. ~ Divide —,7— by _x.
o 95 ts 5, xs_»
T BN e 1097 TX9 . 63
: 2. 2z41
Ex. 5. Divide ——_—t- by _xg::_
4z42 | 2241 _ 2(2z41) bz 10z
TR e DY L

R ARy

35
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2_9 3
(p- 54.)—Ex. 6. Divide = = by 3’1'_.

22—9 . 2483 (243).(s—8) 4 _ da—12
B 5 S

.. 922—32
Ex. 7. Divide =

2
byios
y5

92°—3z K 2* x(92—38) 5 92—3

5 e 5 2z z

SIMPLE EQUATIONS CONTAINING ONILY ONE UNKNOWN
QUANTITY.

2
(p. 56.)—Ex. 4. Let§+§=22.

Multiply each side by 3, and 2x+:—34£= 66,

............. vososasansness & oo Bz3p—964
‘ 11z =264 ;
S =24,

72 bz 55
Ex. 5. Let Z—F—?.

: ; 20 220
Multiply each side by 4, and 72— _6£=? ’
A it N 6, ... 422—202=290,

222=2920;
=11

zr x z
Ex. 6. Let 2—+§=31—3.

The least common multiple of 2, 3, 5, is 80; ... multi-
plying each side of the equation by 30, we get
3_055 30z 30z

T
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or 152410z =930—6z,
957 — 930—6z,
925z-+462 = 930,
312 =930
s 2= 805

CH, III

et ZE
(p. 58.)—Ex. 7. Let = — 6+—2'—44.
¢t of 5, 6,2,i830; .~ mult. each side by 30.

The least com. mul
12z— 524152 = 1320,

997 = 1820 ;
oy — 600
(p. 59.)—Ex. 8. x+‘-”2-+§=11,
Multiply by 6, and 62432422 = 66,
112 =66
e —0e
i ety B
Ex. 9. 3+1+§——2-+17.

Multiply both sides of the equation by 60, which is the

least common multiple of 5, 4, 3, 2, and
1244152+202 = 30241020,
47z = 302+1020.

By transposition, 472 —30z = 1020,

172 =1020;

» z=060.

3z , 110
Ex. 10. 42—20 _—=—7—+.—7—.

Maultiply by 7, and 282—140 = 3z4110.
And, transposing, 98z —3z = 1104140,

252 =2503
o i— 10.
P i R |
Bxi1le '§+ it
Multiply by 12, and 6z442—3z =6,
T2 —0:

B O
..Z=7
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1 3
(p-59.)—Ex. 12. 3z +§=‘%.
Multiply by 9, and 27241 = 8z4-9.
By transposition, 27z—8z —9—1
242 —8.
Divide both sides by 8, and 8z =1 ;
1
S —

3

2

ST
Ex. 18. - —5=29—22,

Multiplying by 7, 82—85 =203 —14x.
By transposition, 824142 = 203+4-35,
1w —9238;
S = 14.
3z
Ex. 14. 62— —9 =52
Multiply by 4, then 242 —82—86 = 20z,
212 —36 — 20z.
-~ by transposition, 212—20z = 36,

and z — 36.
243 122426
Ex. 15. Qz——;—-—+15=T+.

Multiply by 15, and 80z —5z— 154225 = 362478,
2524210 =36z-478.
And transposing, 862—252 = 210—78,
Lo = 189-
o= 112

z—6
2
82—64-22 = 120—32418,
92 —6 =138 —38z,
S5z4-32 = 13846,
8z—=—144;
e i— 1S

z—2 x
Ex. 16. —‘2——+§—20—

oz —1 )
Ex. 17. 57— x3 -+1=3x+‘i'2"—+7.
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307 —4z4-24-6 = 18z+432+6442,
26248 =212448,
962 —21z —48—8,

5z =—40;
S8
Ex. 18. 9az4b = 8cz+-4a.

By transposition, 2az—3¢z = 4a—Db,
or (2a—3c) z=4a—0b;
4a— b

2a —3¢

(p. 61.)—Ex. 23. TR SR =54— —7

Multiply by 36, and 272 —27 —36z4-48 =102—108—162.
Collé. the terms on each side —92421 =84—16z.
By transposition, 162—9z = 84—21,

ax —6813
v —9:
92420 4r—12 %
Ex. 24. S i +Z
el 1442 —432
Multiplying by 36, 9z420=—5 —71 49z,
O o
T bx—4

Mult. by 52—4, and 100z—80 = 1442 —432,
144z —100z = 432—80,
442 — 352
B r=isk

‘ 005436 | bo+20 4z 86
Ex. 25. 25 e b o

12524500
Mult. by 25,and 202436+ —5-— 75 = 20z +4-86.

12524500
O —16" o0,
12524500 = 4502—800,
4505 — 1252 = 5004-800,
3252 = 1300;
R — A5
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224-8% 132—2 z__7x z416

Ex. 26. DEA B e Dk T
4682 —72
17z—30 T122=2lz—2z—1s.
4682—172
172—32"°
8502 —1600 = 4682 —72,
8502 —468z = 1600—72,

382x —1528;

AN =14

Mult. by 36, and 82434 —

50 =

Ex. 27.  4(52—8)—64(3—2)—3 (120—4) — 96.

By performing the multiplications, which are indicated,
the equation becomes

201‘—-12—-192—}-64:1:-—363:-{-12 = 96,
482—192 =96,
4872 =288;
& =6,

l) 1 1)
Ex. 28, 10(z+§ —62 (;—é =23,
1024-5—64-22 =23,
122 —1 =23,
12.’I,‘=24‘

9
=D

80+62 | 60482 48
243 T s z4-1

z4-1
604-682-4-822
Mult. by z4-1, and 80462+ i:c-—:;- T = 142414448,

6046824822
T =8x4-32.
Multiply by #4-8, and 604-6824-822 — 82%4-5624-96
68z —562 — 96 —60,
122 — 36 ;
Si=—13,

Ex. 29,

—+

By transposition,
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PROBLEMS,

(p. 63.)—Pros. 5. What number is that to which, if I add
90, and from %% of this sum I subtract 12, the remainder
shall be 10?

Let z be the number
then 2420 = the number, with 20 added to it,

2 20
and —(3——%———) = 39 of this sum.

But 12 being subtracted from £% of this sum, the remain-
der shall be 10:

2420
?—(—3“3-—) —12=10.
2 (xg-QO) o
22440 = 66,
Q=203
cox=13.

Pros. 6. What number is that, of which if I add 49, 3,
and s, together, the sum shall be 73 ?

" Let z be the number ;

x
then 5 = 14 the number,

z
Z= %‘th sssssascnccsnse
_Q_x..= Qths
7 ‘7’ 290000000000 0080
Hence, by the conditions of the problem, we have
pres O
A e
Multiply by 84, and 98z 4212424z =73 X84,
78z = T3 X84 ;
Sox =84,

Pros. 7. What number is that whose 2¢ part exceeds its
3 part by 72°¢
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Let z denote the number ;

z 5
then - =its 14 part,
()

d:l: 1ts 1th
an —5-—1ts5

I
Hence g A =72,
S5z —3z = 1080,
22z —=1080;
S — 540"

Pros. 8. There are two numbers whose sum is 87, and
if 3 times the less be subtracted from 4 times the greater,

and this difference divided by 6, the quotient will be 6.
What are the numbers ?

Let z = the greater number;
then 87—z — the less  .........

-+ 42 =4 times the greater number,

and 8 (837—=2) =3 ............ less
Hence, by the conditions of the problem,
42—8 (37—z)
TR = 6.

4r—1114-32 =36,
7 w==147:s

<. # =21, the greater number,
and 87—z = 16, the less

Pros. 9. There are two numbers whose sum is 49 ; and
if 2t of the less be subtracted from 1th of the greater, the
remainder will be 5. What are the numbers ?

Let 2 — the greater number ;
then 49—z — the less

---------

g: 10 of the greater number,

and 497_x = 7'-“’ ...... less

©c0scecen
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72—245+457 =175,
192 — 1754245,
122 =420
- z =235, the greater number,
and 40— g ==ty theslonni¥n - Posagis

(p. 68.)—PrOB. 10. To divide the number 72 into three
parts, so that 3 the first part shall be equal to the second,
and 3t of the second part equal to the third.

Assume 10z = the 1°* part,

then 5z = ... 28 «eeeee
and 82 = ... 3% ..euee
o 102450432 =172,
182 =72
s rx=A4.

Hence 10z = 40, the 1¢ part,
SORAE TR R SO
and 8z =12, ... 3% ....e

Pros. 11. A person after spending £ of his income plus
£10, had then remaining } of it plus £35. Required his
income.

Let z = his income in £

then %-}-10 — what he spent of it ;

it (§+1o) — what he had left.
But this is by the problem = 1 his income - £35,
i z
‘e x——5— —10 =§ +35,

102 —22—100 = 524350,
3z —450;
. 2 =£150, his income.

Pros. 12. A gamester at one sitting lost 2" of his mo-
ney, and then won 10 shillings ; at a second he lost 44 of
the remainder, and then won 3 shillings ; after which he
had 8 guineas'left. What money had he at first;

Let 2 = the money 4n shillings he had at first ;

Then, since at the 1* sitting he lost 4™ of his money, he
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had #ths of jt left, or i—‘z : he now won 10s., and .-, the

4
money he now had, was =§+IO.
At the 27 sitting he lost 3% of this last sum, and .*. he had

274 ;
left 3% of it, or 5(?1: +10). He again won 3s ;

o'« he had left after the 24 sitting a sum =§2 (4?.2: +10> +3.
But, by the problem, this sum — 3 guineas, or 63s ;
;(3534-10)-;-3:63,

e i
ii.{.lo =90,
4z

—=280;

5
e — IOOS. =£5-

(P. 63.)—Prog. 13. Divide the number 90 into four such
parts, that the first increased by 2, the second diminished
by 2, the third multiplied by 2, and the fourth divided by 2,
may all be equal to the same quantity, :

Assume z—2 — the 1¢t part,
.’0+2= veoe 2d ssecee
x

5 — . 84 sssvae

2— oo
and 2z = ,,, 4t

wr=2tedo4 2 Los g,

x
5 +42.= 90,

Z4-82z = 180,
92 =180;
SeRr=——/()

Hence the parts are 18, 22, 10, and 40.
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(p. 63.)—Pros. 14. A merchant has two kinds of tea,
one worth 9s. 6d. per Ib., the other 13s. 6d. How many
ths. of each must he take to form a chest of 104 Ibs., which
shall be worth £56.

Let z — the No. of lbs. at 13s. 6d. per 1b.

then 104—2 = .eoeenvees R 9s. 6d. .eeoee
-, 97z = the price in sizpences of the 1°t kind,
19 (104—2) == reererensusssessess M iy

Now the value of both kinds is £56, or 2240 sixpences;
- 272419 (104—2) = 2240,
97241976 — 19z = 2240,
87 — 2240—1976,

8z = 264;
- z =33, No. of 1bs. at 13s. 6d.
and 104—2 =71, .cocieeencecene 9s. 6d.

(p. 64.)—ProB. 16. A man and his wife usually drank a
cask of beer in 10 days, but when the man was absent it
lasted the wife 80 days; how long would the man alone
take to drink it ?

Let z — the No. of days the man took to drink the beer,
and if the beer in the cask be represented by 13

1
then 5= the beer drunk by the man and wife in 1 day,

1
and == seccceees s sesses s MAN
X
weelly ok orons g g it e il
10

Now the beer drunk by the wife in 1 day, multiplied by
30, is equal to the beer in the cask ;

& % = 15 days.
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Pros. 17. A cistern has 3 pipes; two of which will il
it in 3 and 4 hours respectively, and the third will empty it
in 6 hours; in what time will the cistern be full, if they be
all set a-running at once ?

Let z = the No. of hours in which the eistern is filled ;
and, if 1 represent the contents of the cistern,

1

then 5= the part of it filled by the 1°t pipe in 1 Ahour,
1
4

T eeecescteeccesssccscsncsnscaces AL A eesessaans

1
and G = ceeeeees emptied by the 32 pipe ......

Therefore, since the two first pipes have a tendency to
fill, and the 3¢ to empty the cistern,

Iyl : .
3 +Z —% = the part of it actually filled in 1 hour,

1 G | 1)
and (5 +Z_5 T e e vles sala et e S e P

But the cistern, which is denoted by 1, is filled in z hours;
L el
(5+i—g)=1
(44+3—2) 2 =12,
=19
12 :
= hours 24 min,
(p. 65.)—ProB.19. A market-woman bought a certain
number of apples at two a penny, and as many at three a
penny, and sold them at the rate of five for two-pence;
after which she found, that instead of making her money
again as she expected, she lost fourpence by the whole
business. How much money had she laid out?

Let 2 =—the No. of apples in each lot that she bought ;

The price of each apple in the 1% lot = 1d.
..................................... 2d . =1qg.

and ¢ne price at which she sold each apple =2d.

i 1 il |
Jherefore, she gave for the apples 5 z- 3% = <§ + 5) z,
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2 4z
and she sold them for z X 20— e

Hence, since in selling them she lost 4d., we have the
equation,
1 1) 4z
(5 Pl 4
5 4z
g &L= —5— + 4,
252 —242+120;
-, 2 =120 apples.
Now the price of 120 apples at id., and of 120 more at
1d. each, amounts to 100d., or 8s. 4d., the money which she
laid out.

(p. 66.)—Proz. 21. A lady bought a hive of bees, and
found that the price came to 2s. more than 3% and 1" of

the price. Find the price.
Let » denote the price in shillings ;

3z g
then --= 3ths of the price,

th ses

ll

=

and

(SRS

Sipe iy
Hence, by the problem, z— 7= — 5= D)

90zr—150—42=40;
s =405, = £2.

ON SIMPLE EQUATIONS CONTAINING TWO OR MORE
UNEKENOWN QUANTITIES.

First Method.
(p- 68.)—Ex. 3. 5243y =238 ceeuerer (1)
47— Yy = N0 550600000 (2)
From (1) Y =38;5x

e (2) y=4a—10 v (@)
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(p- 70.)—Ex. 7. Sx—4y =19 ...... (1)
442y =36 ...... (2)

Mult. (2) by 2, and 8744y =172
And equation (1) sa—4y=19

4y =28),

*. by addition, 13z =91
and z =1T7.
From (2) we get by transposition,
2y = 36 —4z,
= 36—28,
Ex. 8 8x47y=179 ...... (1)
gy el AL @)
Mult. (2) by 6, then  12y—8z —54 ..... . ()
Add this equation to (1) and 19y— 133,
=0
By dividing equation («) by 3, and transposing, we get
T— 4y—18
= 28—.8 (since y=7; and .-
=110
Ex. 9. +‘/+l—6 Ssas)
Ll
—7'—+3 == (2)

Transposing (1), —— +y =5; and ... 24y =15

(2) x—;]—/=1; and .z—y= 7

By adding (8) to (oc), 21:22;

e—R

By subtracting (2) from (a) ')‘j =8;
Y —4

(=)
*®
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(p. 71.)—Ex. 10. x_—;—_y_2y=2 ...... 1)
2z—4y 23
5 +y='3‘ ...... (2)

Clearing (1) of fractions, 2-4y—6y==6
orz—5y="=6 .. (%)

......... (2) ierveennnn. 22—4y4-5y =23
‘ 224 y=—23 ... (B)
Mult. (z) by 2, and 2z—10y = 12
.. by subtraction, Iy =sll;
and ..y =1.

And by («) z=645y =645=11.

97—3
Ex. 1l  ——gy=7 .. (1)
67

So—18y == wuu... @)
From (1) 2r—34-2y =14
2042y =17
17

r = 9 =Y secass

o1

By substituting (second method) this value of z in (2),

157 ) el 16
5(?—-3/ — 13y = 5

17 1
And by (oa), —_—'*5' —— 2—=—2—=8.
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3z—Ty 2z+4y+1

(p- 71.)_EX. 12. 3 5 ecvsse (1)
8_3:-5—!/:6 ecscse (2)
From (1) 152 —85y = 6243y43
9o —38yi="8 Sl Tl 0 oo ()
_ From (2) f;—'y=2
ar=p7= 107
.--y=x_10- ssscoecee (ﬂ)

Substitute this value of y in («), and
9x—38(2—10)=3
92 —3824-380 — 8
382 —92 —380—3
292 —371'
s —ul 3

And by (B) y=2—10=13—10=3.

(p. 72.)—Ex. 2. 90, (1) %
22440 =3y+20 ...... (2)
2240 — 47410 e (3)
From (1) 2=90—y—2. ... (2)

By substituting this value of z in (2), we get
2 (90 —y —2)+40 = 3y 420
180—2y —22-4+-40 = 3y 420
5y422=200 ... ®)
And by inserting the same value of z in (3)
2 (90—y—z)440=4z410
180—2y —224-40 — 42410
0y 462 =210
Mult. (8) by 3, and 15y +-62=1600;
- by subtraction, 18y =890,
= 80
And by (B), 2z —200—5y
=200—150
=50)3
=20,
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CH, ITI.
And by (=) we have also, = 90—y —=2
—=90—30—25
— 31,
(p.72.)—Ex. 8.  at gt 2= 58 . )
o42y432=105 ... (2)
x43y44z=134 ... (3)
Subtract (1) from (2), and y+22= LOAS R ()
......... (2) from (3) y+z=29 ..c.ee (B)
......... () from () z=23.
By (), y=29—z=29—23=6.
And by (1), 2= 53—y—z=>53—6—23=24
PROBLEMS.
(p. 74.)—ProB. 4. What two numbers are those to one-
I add 13, the result shall be 173

third the sum of which if
and if from half their difference I subtract one, the remain-
der shall be two ?
Let z and y be the numbers;
then z-+y = the sum of the numbers,
and z—y = the difference of the numbers,
by the conditions of the problem,

%ly—_[_ls:”, orx_gy=4 ...... (1)

SRR =
=Y 1= 2,orx2‘/=3 @)

Hence,

and
By clearing (1) and (2) of fractions, they become
by =12
rx—Y = 6
.. by addition 22 = 18
2, ==10)
9y —6

And by subtraction,
S — 3.
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(p.74.)—ProB. 5. There is a certain fraction, such, that
if I add ome to its numerator, it becomes & ; if 8 be added
to the denominator, it becomes &. What is the fraction ?

% : :
Letg; represent the required fraction ;

el
then Tl =gror2z42=y ... (1)
d e 3z — 3 2
an m—S: or 3z =y} everee ( )
By transposition, (2) becomes
Sz—3 =y
But by (1) 22—y

.. by subtraction, . 2—5=0
. and ... z=35.
And by (1) y = 2z+42 = 104-2=12.

5
Hence the required fraction is B

Prosn. 7. A person has two horses, and a saddle worth
£10; if the saddle be put on the back of the first horse,
the value becomes double that of the second ; but if the
saddle be put on the second horse, Ais value will not amount
to that of the first horse by £13. What is the value of each
horse ?

Let z be the value of the 1%t horse in £
and 7] 5T e e e g s e
Then by the problem, 24-10=2y
and y+10= z—138
By transposition, these equations become
z=2y—10
and 2z = y4-28.
By equating these two values of z, we get
2y—10 = y423;
-~ y = £33, the value of the 21 horse,
and 2=2y—10=66—10—=£56 ....... etk o vel TR
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p. 75.)—Pros. 9. There are two numbers, such, that }
the greater added to % the lessis 133 and if } the less be
taken from % the greater, the remainder is nothing. What
are the numbers ?

Let = denote the greater number,
andiya less

Then by the problem, ;+‘g =13

Loy
and3—§_0.

By clearing of fractions, the equations become
3z+2y =178
and 2z —3y =)
2z : ; 3
From the 2¢ we gety = 5> and putting this value in

the 1%, we obtain

215
3x+2 <§> =178
9z 442 =234
182 =234
== 1D
DX i

andy=—3—=12.

Pron. 10. There is a certain number, to the sum of
whose digits if you add 7, the result will be three times
the left-hand digit; and if from the number itself you
subtract 18, the digits will be dnverted. What is the
number ?

Let z = the left-hand digit,
and y = the right-hand digit ;
Then 1024y = the number itself,
and 10y-+z = the number with its digits inverted.

Hence, by the problem, z-4y4-7 =3z
and 1024y —18 =10y+z ;
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By transposition and reduction these equations become
2o=g=T :
and T—y =2
< by subtraction, we get 2z —5
And y —2—2=3;
Hence the number (10z-4-y) is 53.

(p. 75.)—ProE. 11. A merchant has two kinds of tea,
one worth 9s. 6d. per 1b.; the other 13s. 64. How many
Ibs. of each must he take to form a chest of 104 1bs., which
shall be worth £56 ?

Let 2 = the number of lbs. at 9s. 64. per lb.

angy S e e 18s.6d. .i....
Then, by the problem, z4y=104 . ...... (D)
1924-27y — 2220 ...... (2)

Mult. (1) by 19, and 192419y = 1976

Subtract this eq®. from (2) and 8y =264 ;

¥ =331bs., at 13s. 6d. 3 Ib.
and  =104—y =711bs. ... 9s.6d.

ProB. 12. A vessel containing 120 gallons is filled in 10
minutes by two spouts running successively ; the one runs
14 gallons in a minute, the other 9 gallons in a minute.
For what time has each spout run ?

Let # = the No. of minutes run by the 1 spout,

RO ==l Al R S e L T
.". 14z = the No. of gallons run by the 1%t ....,
DA — i INDRRE L iE 2 e S 208

Then, by the problem, Zabye—101" (1)

and 14249y =120 ...... (2)

Now (1) %14 gives 142414y — 140
And by (2) we have 1424-9y — 120
' by subtraction we get 5y =20 ;
and .. y =4 minutes,
and by (1) s =10—y =5 .........
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(p.75.)—Pros. 13. To find three numbers, such, that -

the first with 1 the sum of the second and third shall be

2
120 ; the second with 1t the difference of the third and

first shall be 70; and } the sum of the three numbers shall
be 95.
Let z, y, z, represent the 1%, 24, and 3¢ Nos. respectively;

Then, by the problem, x+% (y+z> =120 ..ceeo (1)
1
y+z (z—x) — ) - 2.2

1
Subtract (8) from (1) and there results, 58 = 95 s
and . 2 =—=90;

Substitute this value of z in (1) and (2), and after reduc-
tion, they become
y+ z=140

and y +éz= 80,

And by subtraction, we get
2—60

Ot W

=l :
And lastly, from (3) we have, after multiplying it by 2,

z+y+z =190
Sy =190—2—2
=190—50—-75
=65.
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CHAPTER 1V.

ON INVOLUTION AND EVOLUTION.

ON THE INVOLUTION OF COMPOUND ALGEBRAIC
QUANTITIES,

(p- 78.)—Ex. 4.

a4 3b
a4 3b
a’*4 3ab

+ 3ab4-95?
a*4- 6ab+4-9b* = Square of (a435)
a4 3b
a*4 6a’b4 9ab?

+ 8a*b+18ab?4-278°
@+ 9a%+27ab*4276% = Cube of (a4-3E)
a+ 386
a*4 9a%b+4-27a%*+ 27ab?

+ 3a*64-27a**+ 81ab4-815*
a'4-12a°0+-54a%6°4-108ab*+4-815* = 4t" power of (a-35)

Ex. 5.

32’22 4 5
327422 4 5
9zt 4-62°4-1522
+62°4 4224102
+ 15224102425
92 4-122°4-34224-2024-25.

—
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(p- 78.)—Ex. 6.

8z— b
3z — b
9z2— 1oz
— 152 425
92°— 80z 4 25 = Square of (3z—5)
3z — 5
2728 — 90224 752
— 452241502—125

9723—185224-2252—125 = Cube of (8z—5).

Ex. 7.
22—2z 4 1
22—2z 4 1
zt—22%4 2°
—2234 4a*— 2z
4+ 22— 2241
s—4r3f 67— 4z 4+ 1
22—2z 4 1
Poediah o e
2—4z5+ 6at— 424 2P
—2z54 8xt—122°4- 822—2z
24— 4234 62°—4z41

x6—6.z'5+l5x4—20x3+15x2—6x+1

Ex. 8.
a4 b4 c
a4 b4 c
a’4 ab+4-ac
+ ab4 b4 be
+ac+ bt
a*4-2ab+ b*4-2ac4-2bc 4-c* = Square of (a-4b-+-c).
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ON THE EVOLUTION OF ALGEBRAIC QUANTITIES.

(p. 80.)—Ex. 8.
da2day4-y2(22-+y
422
4o4y) day-+y?
42y +y*
* *

Ex. 4.
25a*4-80ab+-90* (5035
250>

10a4-30) +80ab--95*
+-80ab-+-9b?

* *

Ex. 5.
9x’*+12x3+22x9+12x+9(3x2+2x+3
9zt

6274-22) 12234224

12234 4a?
62244248 ) 1827412249
18224-1224-9

* * *
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(p- 81.)—Ex. 6.
42 —16234-2422— 16244 ( 222 — 4242

42*

da?—4z) —162°4-2427
—162%4-1622

44°—8z42) 827—1624-4
8r2—1624-4

* * *

4 2
Ex.7. 862'—36234172—4z+§ (69;2—3.1:—}- 3
36z*

1247 —32) —362°+4172"
3624 9a?

2 4
1222—62- 3) 8z —4z+ 9

4
8x2—~4x+§

* * *

32 16 4
Ex. 8. oA -82°+24+ 3 A (x2+4+—x—2
x‘

Q74 ) +-8274-24
+824-16
32

g 16
2484 5) 04 b
32 16

8+ ata

* * *
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ON THE EXTRACTION OF THE SQUARE ROOT OF
NUMBERS.

(p. 83.)—Ex. 1. 105625 (325
9

62)156
124

645) 3225
3225

*
T——

Ex. 2. 153656(416
16
81) 130
81
826) 4956
4956

—

*

Ex. 8. 5934696(2436
4
44)193
176

483) 1740
1449

4866) 29196
29196

*

S e
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CHAP. V. QuaprATIiCc EQUATIONS.
ON THE SOLUTION OF PURE QUADRATIC EQUATIONS.

(p.84)—Ex. 4. b=l —=244
By transposition, 522 =244+1

5z =245
22=—149
Extracting the sq. root, z=7=17.
155 i e - 92249 =3827+63
By transposition, 922—32% = 63—9
622 = 54
A=) R
- by extracting sq. root, = 3
42245
Ex. 6. nt 45.
9
4z24-5 =405
422 —400
22 —=100};
oz ="10.
Ex. 7. ba?+4-c43 =2bx+1.
By transposition, ~262?—ba*=c+3—1
bnZ— C+2
c+2

By dividing by &, Zt=—
and .. extracting the sq. root, 2=+ A/ 6'2'2

ON THE SOLUTION OF ADFECTED QUADRATIC
EQUATIONS.

(p. 86.)—Ex. 3. 2?4122 = 108.

By adding 62 or 86 to each side, the equation becomes
2°-122+4-36 = 144




64 EKEY TO ALGEBRA.

Extracting the sq. root, 246 =+ 12
and . 2=-412—6=6.
orrz——12—6= —18.

(p. 86.)—Ex. 4. ri—=l4dp =51,

Add 72 or 49 to each side, and
2*—142+4-72=514-49=100;
By extracting the sq. root, +—7 =-410;

~z2=711047=17 or —3.

Ex. 5. 22— 8z — 20

Add 42 or 16 to each side, and
22 —8z 442 — 20416 — 36

x—4 =i6;
* =10 or — 2.
(p. 87.)—Ex. 8. 2?47z =178.

o

7o\Z A9
Adding (5 ) or - to each side, the equation becomes

2 aNE 49 312449 361
22 4-Tx+ <§> =78+T=_:_—=_4—

7 19
Extracting the sq. root, x+§= +27

S

197
el o
z 4575 6 or — 13

Ex. 9. 22432 =28,

o

3 9
To each side add <5> or 2 and we have

x2+31:+<g>2=28+;z= X il

3
By extracting the sq. root, z-4- 5 =+
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CH. V.
(p- 87.)—Ex. 10. 2?—3x = 40.
3)2 Ol 600NN ST 69
g 2 S 5 e AL A
Complé. the sq., 3x+(2 =0 = fr=

13

: 3
Extracting the sq. root, z—g5—=-+4 >
5z =8 or—i.

Ex. 11. 2?4z = 380.

2
Here the coefficient of z? is 1; by adding therefore (5)

1 :
or ito each side
2 1 121

3ﬂ+%=ﬂm.
161

.Z'..—_:—S—-

Ex. 14,

Dividing equ”. by 3, x2+ 3

z 161
Complé. thesq. 243 x+< ) =5 ts—
1 22
e+5=L3
Rl or—75

2u2—ox—117.

483 ] By

(p- 88.)—Ex. 15.
5 117
Divid®, each termby2, 2* — gz =5~
5 (5)2 117 25 936 2_5__961
@O a6 10 T 160 16
. W)
b ey
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(p. 88.)—Ex. 16. 32?—24 = 280.

Rix 7. 422—T72 — 492,
E 49D
X 4.7'— 4
7 7)2 492 __7921
PR | Pt e N e e
L 4’+(8 7 64
7 89
-—+
£T8

1
Si=—12 or—lO;.
2
(p. 89.)—Ex. 8. = —l=atlL.

22—6 = 62-4-66
2’—62x =72
z?—6x4-9 =8I
z—3=-79;
v —=12 or — 6.

Ex. 4. —3—+;;=§-

Mult. by 8z, and 22?43 =7«
222 —T0 = —
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B

L r=3or 5

2
(p. 89.)—Ex. 5. =—5=0.
' 3
Mult. by 3, and x2—§x=27
3 (3)2 9 441
(‘ — —_— — — i ——
Complete the sq. and z? 5 z+ 1 214+76=T6
S a2
SR e

& = or—g-

Ex. 6. x+1+——3

Mult. by 241, and 64 ——x—t— =3z43

............ z, ... 62420+42=23s"43z
8z+2 = 327437

By transposition,  32°—5z =2

&b 5 2

Dividing by 3, ?—gr=3
5 SN2 204

By completing the sq. *— —x+ <6>

185, e 2?2—34 =%x.
el
x —3x=34
1 2 1225
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35
st =
s
X=0-0r— 3
8 Eas ot
p. 89. X8 5 +x_
Mult. by 5z, and 2425 =26z
2?2—260 = — 25
2?—26z4 (13)*=169—25 =144
z—18==+12;
S T =20 SOl
24
Ex. 9. S e
: ok 24
By transposition, £
Multiplying by z—1, 24 = 222 —624-4.
By transposing again, 222—6z = 20
2?—3zx =10
3)\? 49
2—3a+ \5) = 1o+- =—
3 7
z— é—+—
sx=5 or —2.
I3
Ex. 10. +z+ >

x+1 z 6
22242241 = 13(1:6&

122° 412246 = 1327413z

2’42 =6
x2+x+(}>2=6+}—g5~
"+2 ié,

‘e rx=2or — 3.
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3z r—1
.89.)—Ex. 11. —_ =

182
Mult. by 6, andx_‘l_2 —z41=62—54
18z

Transposing, =12 = T72—55

Mult. by z+2, and 182 = 722—412z—110.
722—59z = 110.
59 110

22— —T= —

7 7

i) (59) 110 3481 6561
ikl Lo ==-=w-hi 06 7 196
59 _ 481
r-1i=Tn
81 11
+ —*-—__100r—-,7

(p. 90.)—Ex. 13. Py
Pz tl=1-2=—L
sl e M =1
v e v
Ex. 14. 22—162z = —15.
i 162487 — 64—15 =49
z—8="17;
..x=150r L.
Ex. 16. 2—62419=13.
22—6x = —6

z—3_+V3—+ 1 7u.-1
v —4.732 or 1.268.

69
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(p. 90.)—Ex. 17. 52442 =25.

4 25
.‘I:2+5x=?
4 ONZ OB G4 o180
2 = — —_— —_———
CERE (5) SRl o
2 +V129 11.357
e S R e
9T 13.857
e L = 7 or — 5

or x —1.871 or — 2.671.

(p. 91.) Ex. 20. rifda? =12.
zt 42244 =16
2242 =_+_4.

22=2 or — 6.

Jo T =j"_v§ OriV:é.

Ex. 21. 28—82%3=518.
28—82%+416 = 529
28—4 =123

22 =27 or — 19

s z=8or ¥Y—I9.

PROBLEMS PRODUCING QUADRATIC EQUATIONS.

.96.)—Pros. 7. To divide the number 83 into two
such parts that their product shall be 162.
Let 2 — one part,
then 83 —z = the other part,
and z (88 —x) = the product of the two parts.

Hence, by the problem, z(33—2) =162,
or 83z —2%=162.

By transposition, 2?—33z = —162.
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33\2 1089 441
Complet®, the sq. 22—3832+4+\3 =T—162= S
33 21
e T, gt
T )
33 1 21
£ x='§'_"_--§-=27 or 6,

and 33—z =6 or 27.

Hence it appears that the answers are the same, but in
an inverted order.

(p- 96.)—ProB. 8. What two numbers are those whose
sum is 29, and product 100 ?
Let 2 — one number ;
then 29 —z — the other number,
and z (29—x) = the product of the numbers.

Hence, by the problem, x(29—z) =100

292 —2z?2 =100
72—292 =— —100
29\2 841 441
22—292-+ (—2—> =—=100= P
29 ___21
Lol 50

.. z =35, the one part,
and 29—z =4, the other.

Proz. 9. The difference of two numbers is 5, and 3*! part
of their product is 26. What are the numbers ?
Let z — the less number,
then z-45 — the greater number,
and z (-5 y= the product of the two numbers;

.z (z+45)
4

— 1t of the product.

But by the problem, 3 of the product =26 3
5
2D o

452 = 104
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72
: 5\? 25 ° 441
-’”2+59«‘+(.§> il s
b 21
“h

& =S8, the less number,
and 45 =13, the greater number,

(p. 96.)—Prog. 10. The difference of two numbers is 6 ;
and if 47 be added to twice the square of the less, it will be
equal to the square of the greater. What are the numbers ?

Let 2 — the less number,
then 2 4 6 — the greater number.
Hence, by the problem, 222447 — (24-6)2
222447 = 2°+41224-36
22—122 = —11.
22—1224-36 — 36 —11 — 25

r—6 =25,
~z =11, the less number,

and 246 = 17, the greater nnmber.
Pros. 11. There are two numbers whose sum is 30 ; and
39 of their product plus 18 is equal to the square of the less
number. What are the numbers ?
Let 2 =the less number,
then 80 —2 = the greater number,
z (30—2) ;
and'—— 2 __ 44 of their product.
z (30—
Hence, by the problem, —% + 18 =22
30z —2z%4-54 — 92

422—300 = 54
:tz—@x—éii
Bieis
30 15\2 54 995 441
St (Z) T
L S0
T T

< =9, the less No.
and 80—z =21, the greater No.
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(p.96.)—Pros. 12. There are two numbers whose pro-
duct is 120. If 2 be added to the less and 3 subtracted
from the greater, the product of the sum and remainder
will also be 120. 'What are the numbers ?

Let 2 = the greater number,
120
then — = the less number.
Hence, by the conditions of the problem, we get the equation

(%Q +2> X (z—8) = 120.

360
120-}-21'——1_—- —6 =120.
Or, by reduction, z2—3z =180

3\2 9 . 724
x2—3:c+(§) = 1804 ;="
3 o7
@orr o
.. £=15, the greater number,

120
and ST 8, the less number.

Pros. 13. A and B distribute £1200 each among a cer-
tain number of persons: A relieves 40 persons more than
B, and B gives £5 a-piece to each person more than A.
How many persons were relieved by A and B respectively ?

Let 2 = the number of persons relieved by B,

then z-40 = 11,50 c000 bee s ionassen e S o0 A
1200
T:the No. of £ B gives to each person,
d 1200 T
an 1‘+40—- 000700 v00 s LA esv0en LR R N LA R AR L RN

But B gives £5 more to each person than A gives;
1200 1200
o' =
i 2440 55 x
By clearing this equation of fractions, it becomes
12002 452242002 = 12002448000
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Or, by reduction, 2?40z = 9600
2244024 (20)?= 10000

z420=100;
.. z=280, the No. relieved by B,
and z 440 =120, ......... Saattr e, A.

.96.)—Pros. 14. A person bought a certain number of
sheep for£120. If there had been 8 more, each sheep would
have cost him 10 shillings less. How many sheep were
there ?

Let 2 =—the No. of sheep,

then z4-8 =......... Tt if there had been 8 more ;
120
.. —— == the price in £ of each sheep,
120
and == —— st oo if there had theen8 more.
z+48

But if there had been 8 more, each sheep would have cost

1
10s. or 5 &£ less.
190258 120

e
This equation when reduced becomes

248z = 1920
22482416 = 1936
44 =44 ;
S —40:

(p- 97.)—Pros. 16. A and B set off at the same time to
a place at the distance of 800 miles. A travels at the rate
of one mile an hour faster than B, and arrives at his jour-
ney’s end 10 hours before him. At what rate did each
person travel per hour ?

Let 2 = the number of miles B travels per hour,

then 41 = .i.cccesroenrrecascs S AR T e
300 :
= the No. of hours B takes to travel the distance.
300
andi——— == B 20 B SR S i Ay %
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But A arrives at his journey’s end 10 hours before B;
. 800 o 300
> z41 == z

This equation becomes by reduction

2?4z =30
- 1y2 T
ot () =30+ ="
1 1
z+§=_"t—2—.
» z =25, miles travelled by B 3 hour.
and .Z‘+1 =6, esceessssssosenes sese A. sesenssen

(p- 97.)—Pros. 18. To divide the number 20 into two
such parts, that their product shall be 105.
Let z = one part,
then 20—z = the other part;
Hence, z (20—z) =105,
or 20z —z? =105.
Transpose, and z2—20z = —105.

Complete the equation, and there results
22—2024100 = —5

xz—10 ="‘_‘_'\/:g,
R IOj'_V:g.

(p. 98).—Prog. 20. To resolve the number 18 into two
such factors, that the sum of their cubes shall be 243.

Let z be one factor,

18
then = is the other.

183
Hence x3+(;> =243

2845832 —243a®
or 26 —2482% — — 5832

243\ 59049 35721
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243 189
3____.=+__.
e T

2 =116 or 27
" »c.2=6 or 3,

18
and——=3 or 6.
Zz

ON THE SOLUTION OF QUADRATIC EQUATIONS CON-
TAINING TWO UNKNOWN QUANTITIES.

Case I.—(p. 100.)

Ex. 4. —3y =
: 22%?;_2;_2‘52 25 2(1) } to find the values of « and .
From the 1% equation, 2z — 143y
143y
& )
Putting this value of z in the 2¢ equation
14-3y\2 143
T R,

2

146497 3y
an y2+ Y +y+2y — 5y = 20.
T 2 Z —?2
Y hoY—=
7 <7>2 39 49 861
2 — -— — ..—=-——
U S R e
7e59
Yoo
5 e
LG
and x=—_2—y=5.

Ex. 5. There are two numbers such, that if the less be
taken from three times the greater, the remainder will be
35; and if four times the greater be divided by three times
the less plus one, the quotient will be equal to the less num-
ber. What are the numbers?
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Let z — the less number,
and y = the greater number;

Then the conditions of the problem furnish the equations

By—z =35 ...... (1)
4y
Sot1 = R 0)
From (1) we get 8y = 35+4-z;
__ 354z
=
By putting this value in (2), it becomes
4(3542)
8 (3a+1)

and by reduction,
14044z = 92°+-3x

rolitis 0
Ol‘x-—gx_-g
2} (1)2 140 | 1 _ 5041
#—g2+\1g) =9 T324 824
L
T8 18
i
3854z 8544
andy: ;- e :‘;‘_ =13.

(p.100.)—Ex. 6. What number is that, the sum of whose
digits is 15, and if 31 be added to their product the digits
will be inverted ?

Let 2z = the left-hand digit,
and y = the right-hand digit,
then 10y+x = the No. represented by the digits inverted

Hence the question furnishes the equations

z4+y=15 }
2y+31=10y+-2

From the 1%t equation, we get 2 =15—y
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.. by substitution, (15—y) y4-381 = 10y415—y
or, by reduction, y>—6y =16
Y—6y+9=1649 =25
y—3=35;
ey —83

andz=15—y=17:-
Hence the required number is 78.

Case IL.—(p. 102.)

Ex. 8. Find two numbers such, that the square of the
greater minus the square of the less may be 56; and the
square of the less plus 3¢ their product may be 40.

Let z —the greater number,

and 'y = R e e
Then, by the question, we have the equations
22—y =056
1
y2+§xy =40.
Assume z=uy, and the equations become, by substitution,
56
viy?—1f="56, or y*= Ay
Yt l y* =40, ory* -
2 Vy?=40, ory>=
3 4 1
)
Hence, we get by equating these two values of 32,
4 - 3, %56
T g
1+§'U v
56
4002 —40 =564 -0
o gl
Coabe e

7 7 )z 12 49 2209
2 — — ) =t —=—
T ”+<30 51 900 — 900
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1 _4

Ve E0E130

v A
e 2,
e
nd; since ¥*= 71— 105 — 2
2 14-3v 14
y=5,

9
andx=vy=-5 X 5=09.

79

(p. 102.)—Ex. 4. There are two numbers such, that 3
times the square of the greater plus twice the square of
the less is 110; and half their product plus the square of

the less is 4. What are the numbers ?

Let z = the greater number,
and y = the less S ok

Then 32242y?= 110

éxy+y2= .

Assume z = vy, and the equations then become

110
Sv2y24-2y*= 110, ory*= 52

1 8
SOy e S i)
> IOy %508

ence g2~ vt2’

: 9D 102
or, by reduction, v*— 75¥ = 7o
55 o5\ 102 8020
) (24> DN 576 576
55189
YTos 24
v—_06.
t 8 8
And, sinee y*=7775=512 =1
y=1,

and x = vy = 6.

7921
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CHAPTER VI.

ON ARITHMETICAL, GEOMETRICAL, AND HARMONICAL
PROGRESSIONS.

On drithmetical Progression.

(p. 103.)—Ex. 8. Find the 25™ term of the series, 5, 8
kS e

Herea= 5) . I1=54(25—1)3
d= '3 =5+424%3
=" 20 =1717.

Ex. 4. Find the 12% term of the series 15, 12, 9, &ec.

Here a= 15) ..l=154(12—1)X—38

Gl=— 3 =15—11X%3
= I'ZS =—18.

(p. 104.)—Ex. 6. Find 7 arithmetic means between 3
and 59.

Here a—= 3 But a+(n—l)d——l
I =59 3+8d—59
p= O .d=1.

And the means required are 10, 17, 24, 31, 38, 45, 52.

Ex. 7. Find 8 arithmetic means between 4 and 67.

a=— 4) .. 44(10—1)d=67
[ =67 4+9d—67

Hence the means are 11, 18, 25, 82, 39, 46, 53, 60.

Ex. 8. Insert 9 arithmetic means between 9 and 109.

a= 9) .. 94(11—1)d=109
{ =109 94-10d =109
]l . d=10.

Hence the means can be found as in the preceding examples.
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To find the sum of an arithmetic series.

(p. 104.)—Ex. 8. Find the sum of 25 terms of the series
2,5, 8,11, &e.

Here a = 2 \) oo S= §2a+(n—1)d§g

d= 38 | = {2><2+(25—1)x3§ x%
25
p=2 5 = (2X2+424X3) X &
— (24-36)X25
— 38%25 = 950.

Ex. 4. Find the sum of 36 terms of the series 40, 38, 36,
34, &e.

o= 407 .. 8= {2a+(n-1)d§g
=— 2 e §2x4o+(36_1)x_2§ x%‘i
p— 86 — (80—70)X 18
=10% 18
=1800

(p. 105.)—Ex. 6. Find the sum of 32 terms of the series
1, 13, 2, 24, 3, &e.

a=1| .. 8= §2a+(n—1)dgg

L fnarned]
d='2' S 2X1+(3 Tt )XQ. 9
31
n =382 =(2+§-)16
35
=—2—X16
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PROBLEMS.

(p. 106.)—Pros. 4. The sum of an arithmetic series is
950, the common difference 8, and the number of terms 25.
What is the first term?

n

Here S =950 ? and §2a+(n—l)d§§=8.

25
d—" 05 ks §2a+(25—1)x3}?=950

n= 25 (a412%8)25 = 950
Dividing both sides by 25, a+36 =38
o D=

Pros. 5. The sum of an arithmetic series is 165, the first
term 3, and the number of terms 10. What is the common

difference #
S=165 gQa-{-(n—l)dgg:S

= 10
Los kO §2x3+(10—1)d§?=165

n= 10 (649d) 5 = 165.
Dividing by 5, 64-9d = 83,

9d —27;

Pl = 8,

Pros. 6. The sum of an arithmetic series is 440, first term
8, and common difference 2. 'What is the number of terms #

S = 440 ) g 2a+(n—1)d g S

B s §2x3+(n——1)2§g=440.
Gl= 7 / n*~4-2n = 440,
n*4-2n4-1 =441,
n+1=21;

==
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(p- 106.)—ProB. 7. The sum of an arithmetic series is
54, the first term 14, and common difference — 2. What is
the number of terms €

S =54 .. since g 2a4(n—1)d gg:S

a—=—14 n
g 2% 144 (n—l)x —2 §=54.

(15—n)n =54.
or z?—15n = —54,

d=—=2

LONZ 22D 9

n?—15n-4 7 =T—54=Z,
15 +3
=g =g

s~ n=—9 or 6.

(p. 108.)—Proz. 10. A person bought 47 sheep, and gave
1 shilling for the firs¢ sheep, 8 for the second, 5 for the
third, and so on. What did al/ the sheep cost him ?

Herea= 1| - S= 32a+(n—l)d§g
g 5 47
- -2><1+(47—1)22—§

) = (1446)47.
— 47 %47,
—2209s. = £110. 9s.

o= 2

Ni—'47

Pros. 11. A gentleman began the year by giving away

a farthing the first day, a halfpenny the second, three
furthings the third, and so on. What money had he dis-

posed of in charity at the end of the year ?
\ n
=1 SeSi— %2a+(n—l)d§2

365

el iy %2)(1—{-(365—1))(! 2—2—-

n=365 = (24-364) 812—5
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— (14-182) 365,
= 183X 365,
= 66795 farth®. =:£69 11s. 62d.

(p.108.)—Pros. 12. A travels uniformly at the rate of
6 miles an hour, and sets off upon his journey 3 hours and
90 minutes before B; B follows him at the rate of 5 miles
the first hour, 6 the second, 7 the third, and so on. In
how many hours will B overtake A ?

Let z = the No. of hours B is in overtaking A,
1 i
then, <43 G e A travels before he is over-
taken; and therefore

1
(x+33-) 6 — the No. of miles A travels,

and 3 2% 54-(z2—1) X1 g B

But A and B both travel the same distance: hence, we
have the equation

g 2% 54-(z—1)X 1 2 5= (a‘+3%) 6.

z
(10+x—1)§= 62420
22492 = 122440

22—82 —40
2?2—3x-+ <§>2=40+?=1@
2 4 4
8 8
S ey

(p. 109.)—Pron. 14. Thereis a certain number of quan-
tities in arithmetic progression, whose first term is 2, and
whose sum is equal to 8 times their number ; if 7 be added
to the third term, and that sum be divided by the number
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of terms, the quotient will be equal to the common dif-
Jerence. What are the numbers?

Let z = the number of terms,
and y = the common difference,

Then, the sum of the terms — g 2% 24(z—1)y % Z;
But the sum of the terms — 8 times the No. of terms = 8z.

g 2% 24(z—1)y g ~—gg;

or, multiplying by 2, and dividing by =z,

44-zy—y =16
S TY = 12+y‘ ...... (1)
Again, since the 39 term = 242y, we have the equation
94247
O R e
S ZY=942y .eoeee (2)

Equating the values of zy obtained in (1) and (2), there
results

92y+9=12+y
e y=3o
12 12
And from (1), x=—;-'—y=—;;3=5.

Hence the numbers are 2, 5, 8, 11, 14.

GEOMETRIC PROGRESSION.

To find the common ratio of a series of Quantities in
Geometric Progression.

(p. 110.)—Ex. 8. Find the common ratio in the series
b} 3 9
3’ 1 5’95’ &e.

ol QO

. b 3
Here the common ratio — 1+§ =1 =
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To find the sum of a Geometric series.

(p. 111.)—Ex. 3. Find the sum of 7 terms of the series,
1, 8, 9, 27, 81, &e.

Here a =1 ; S__arn—a_l)(37—-1
Sl B ST DI R TG (T
=7 =€ﬁ3—_-'—l
/ Z
81x27—1
e 2
2187 —1
= 5) =1093

(p. 112.)—Ex. 4. Find the sum of 1, 2, 4, 8, 16, &ec. to
14 terms.

Herea= 1 - eSO L]
ey
n—14 =47—1]

—44%¢43—1
=256 % 64—1

=16384—1 — 16383.

T
Ex. 5. Find the sum of 1 —» &e. to 8 terms.

’3 9’ 27
Here a=1
1 1\8
r=§ - S__a-—arn_l'—lx(;i)
n=—2=8 g D2 O 1—%
1\8
{1—(3)})(3
g7
1)8 1 1
Now <:§ =38~ 6561
; (1)a : 6560
S B\ S T R o s T

65603 3280

And § =g~ 5 =5187"
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(p- 112.)—Ex. 7. Find two geometric means between 4
and 256.

Herea— 4 and ar*'=1
I —256 . 47 =256,
n—ro4 n—64,

S pe— 1

And the required means are 16 and 64.

1
Ex. 8. Find three geometric means between 5 and 9.

9
1 Soarsmi=1
Here a —=-
9 i
=9 D L
n—>5 7‘4=81;
S r—3"

: 1
Hence the three required means are 3’ L 3

Ex. 10. What is the geometric mean between 16 and 64 ?
Here a =16 and apli=l =i
[==64 o 1672 — 64,

W= 3 72 ="

=

Therefore the mean required is 32.

A second Solution.

Let z be thie geometric mean required. R

Then 16, z, 64, are three terms of a geometrical pro-
gression, and since the common ratio (Alg. Art. 77.) is
equal to any term divided by the one preceding it, we have

z 64

16 =z
or 2> — 64% 16 ;
oo = 8X4 =32,
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(p.112.)—Ex. 11. Insert four geometric means betweené
and 81.

.. since ar*! =1

Here a = = ]
{ =81 37' =8l =8¢
n— 6 =—=3"

S =g
The means therefore are 1, 8, 9, 27.

PROBLEMS.

Pros. 2. There are three numbers in geometric pro-
gression whose product is 64, and sum 14. What are the
numbers ?

Letg’ , zy, be the numbers. Then by the problem,

;-{-x-{-xy ==rl4
XX 2y =64
“RTXTY = .
v Y
These equations become by reduction
1
x(§+l—|—y> =4 L0 (1)

22=64, or v —4

Substitute the value of z in (2), in ( 1), and
. 1
4 (J}-}-l-{-y) =14

1 7
'3;+1+$/=‘2
S 2 5
5 (5)2 25 9
2= = e o AT e et
9¥+\71) =16~ 1=1s
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5 +3

i et
1
=y =2 or 5
Hence the numbers are 2, 4, 8, or 8, 4, 2.

(p- 112.)—Pros. 3. There are three numbers in geo-
metric progression whose sum is 21, and the sum of their
squares 189. 'What are the numbers?

Letg’ z, zy, denote the numbers ;
Then by the conditions of the problem,
- Fz + zy =21
Yy
zz
y—2+x"’+z2y2 = 189,
These equations may be thus exhibited s
1
z(‘; +1+y ) f— 21 ees000 (1)
x2(1—+1+y2) Sanggeli i
.?/2 { .
By squaring (1), it becomes

z2(§2+§+3+2y+y”) =441,

and (2) z”(%; =1 +y2> =189

by subtraction, x"(; +2+2y) —252,

or xz(:1&+1+ y) =126

Substituting (1) in this eq® 212 =126
oo X =6|

£
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This value of 2 being put in (1)
1
6 (> +1+4y) =21
(y

! :
-+1+y=_
5
.”/—-y—_—l
298 9
_y+() R S e
e
YT dnd;
y—20r—é

Hence the required numbers are 3, 6, 12.

This problem may also be solved in the following manner :
Let z, y, z, denote the numbers ;

Then by the problem, z+4y+42z=21  ...... (1)

22222 —"189 - ..n. 2)

And by geom. progression, zz=—y? = cwies (3)
By squaring (1) 2?4-y*+2*+4-22y+42224-2yz = 441
and (2) z?4y*+2° =189

.. by subtr. we get, 22y4-2224-2yz = 252,

or zy+4 zz-+ yz=126.

But by (8)zz=y> .*. zy+ ¥* + yz =126,

or (z4y—+2z)y=126.

But by(l).z'-|-y+z=21 3 oo 21y=]26,

0151/ =——=6:
This value of y being substituted in (1) and (3), these
equations become
TEz—=15"0 . s ()

29— 36.
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By squaring the 1st equation, and multiplying the 2¢ by
4, we have
2?4-2zz+42% =225
4zrz =144
2?—2zz+42* = 8l.

Extracting the sq. root, z—z=19
and (z) z4z=15

.. by addition, Oxis  —24 0or 6
on wi — 1O ot
and by subtraction, 2z =—=6 or 24

o 22— Slort12:
Hence the numbers are 3, 6, 12, as before.

(p. 112.)—Pron. 4. There are three numbers in geo-
metric progression ; the sum of the first and last is 52, and
the square of the mean is 100. What are the numbers ?

Let=, z, zy, be the numbers ;
Then % 42y =52, or « (1--|-y) —52
Y Y
andiz2=—H100 or’a=—"10

Therefore by dividing the 1% of these equations by the
24, we get

JEa SRee96
g‘*‘y——g
)
y2—;—6y=—1
26 (lS)2 169 144
2 =l ] =
Y—591T\3 25 25
1163 +]2
T T
; 1
.y=>Horg.

Hence the numbers are 2, 10, 50.
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(p. 112.)—ProB. 5. There are three numbers in geo-
metric progression, whose sum is 31, and the sum of the
Jirst and last is 26. 'What are the numbers ?

Let;f, z, xy, represent the numbers ;
Then:; +z42y =381 ... (1)

Z
§+xy=26 esisee (2)
By subtré. (2) from (1), z=5.

And by substituting this value of x in (2), we get the
equation '

1 26
§+.y—?
26
Y—5y=-1
26 (13)2 169 144
e | = ) ==l =2
Y.\ 25 25
13__ 4 12
SR e
. 1
= or s

Therefore the required numbers are 1, 5, 25.

ON THE SUMMATION OF AN INFINITE SERIES OF
FRACTIONS IN GEOMETRIC PROGRESSION.

Tl 1
(p. 114.)—Ex. 3. Find the value of 1 +§+§ +§ + &e.

ad infinitum.

Here a =1

==
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i B
(p- 114.)—Ex. 4. Find the value of 1 +Z+R+a + &e.

ad infinitum.

Here a=1 . 7
7‘=-2 .‘.S=1 §=4_3=4,
= :

Here a =

O O Ot o
Ot

To find the value of Circulating Decimals.

(p. 116.)—Ex. 5. Find the value of .77777 &c. ad in-
Sinttum.

Since 77777 ... =10+1—06+'m+m e RO

7 7 7
ad= = ET:Y N0

10 gt s SOl e RO

1 e
eI, ST 10

Ex. 6. Find the value of .232323 &c. ad infinitum.

98 128 23
232323 ... =150 70000 T 1000000 T
_B 28 2
£ SRI00 e srd N T00 100 238
(e R =7 0 - 90

%==100 00 100
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5 (p. 116.)—Ex. 7. Find the value of .83333 &ec. ad in-
nitum.

: 8 3 3 3
Since .8333 ...... =m+m +m+ m-{- ......
a=i ._3_ .i
Hoodl s o L I G Dy L
B e e e R TR )
=0 e
3 8 i )
and the value of the decimal =E+%=%=5'

Ex. 8. Find the value of .7141414 &ec. ad infinitum.

R S 14
G 1000 OO0 14
sl N Qe . 1 771000—10" 990
% 100 100
: 7S 07
and the value of the decimal =ﬁ+9—96=®_0'

Ex. 9. Find the value of .956666 &ec. ad infinitum.

6 6
S owol, adp e 6. 2
‘ = === 1000—100 300’
r=1s 1— 15

_ 95 5l TiDasIEC 0 §HORY
- the value of the decimal =100 +3W) = +3_O(_)—W :

The five preceding examples on Circulating Decimals can
be solved more simply, by the second method given in the
Algebra, as follows :

(p. 116.)—Ex. 5.
ot s ="ty S
then 10 8. =7.7777" .

oIS =7 P

7
and S.—_.—a



CH. ¥ 1. GEOMETRIC PROGRESSION. 95

(p. 116)—Ex. 6. Let S= .232323 . ...
100 § =23.232323 . . . .
23

and .. S=§§.

Bx: 7> TG o= R RR it o
then 100 S=283.333 . . . .
and]OS: 8.333..0;

- 90S=175;
75 5
: .S—Q—O—é-
Ex. 8. TotSitin, 1A B s s
1000S = 714.1414 . . . . .
TS = 7 I e sy
-7 9908 — 707 ;
Sk
and .. §=gg5°
Ex. 9. Let S= ‘956666 . « . o «
1000'S = 956.666 . . . . .
100:S — 95.666' . < . .-
.. 9008 =861
861 287
and. .S=§T)6=é—0'6

(p. 116.)—Pros. 1. A body in motion moves over 1 mile
in the first second, but being acted upon by some retarding
cause, it only moves over  a mile in the second second,
1 the third, and so on. Show that, according to this law of
motion, the body, though it move on to all eternity, will
never pass over a space greater than 2 miles.

" The spaces passed over by the body in successive seconds

| 220 b : : :
> —_, &e., ad infinitum, miles: we have

are 1, 3’ 72° 8 1o
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therefore, in solving this problem, only to find the sum of
an infinite geometric series, in which

a—1 3 o 1 )
r=$ and .'.S=l_r=1_%=2_1=2 miles,

a distance beyond which the body can never travel.

HARMONIC PROGRESSION.

(p. 118.)—Ex. 4. Find a harmonic mean between 12
and 6.
Let # be the mean required ;

JES | ; : c .
Then -—=° -» =2 are in arithmetic progression ;

126

s 2
*IT zT 2 6
TRl |
sevn o

]-

=Z,

S r—8.

Ex. 5. The numbers 4 and 6 are two terms of a har-
monic progression ; find a third term.

Let z be the third term required ;

TEL | - : . :
Then, &2 —> are terms in arithmetic progression ;

4’6
L plliad ol
TATRBT 46 )
12
z 6 4

8
I
o] Ll



CH. VI. HARMONIC PROGRESSION. 97

* (p. 118.)—Ex. 6. Find two harmonic means between 84
and 56.

It
Herea=8—4? af-(n—1)d=1

1 1
1 os "i+(4—l)(l’=%

l=—

568 e
=4 / 56 84
84 —56
56 X 84

228
T 56X S4

cegl

168

; ]

“= 5041

I 1 7 I
Hencea+d=8—4+5—(ﬂ_m_ﬁ-
2 gl I8

a-2d —=gr T504~ 504 63

and therefore the required means are 72 and 63.

E 7. Insert three harmonic means between 15 and 3.

Here a=% And a4(n—1)d =1

[ 1

o= (5—=1)d=-

o e e

3

4
n=—5 4(1._—_1—:
P
o =15.
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gy el
And a+d=E+E =f5-
13 sl

at2d =5 z=5
Ligis Bouasty
GRS T
15 15

Hence the required means are 5> 5, 7.

PERMUTATIONS,

(p. 123.)—Ex. 4. How many permutations can be formed
out of 10 letters, taken 5 at a time ?
=110 :
: 7;_: 5 § - the No.=n (n—1) (n—2) ... (n—r+1)
=10 (10—1).(10—2) (10—38) (10—4)
=095 8756

= 30240.

Ex. 5. How many permutations can be formed out of the
words Algebra and Missippi respectively, all the letters
being taken at once ?

(1.) In the word Algebra, there are 7 letters, and a oc-
curs twice ;
72365453109 S

~ the No. of permutations — T2 =2520.

(2.) In Missippi there are 8 letters, and 7 occurs thrice,
s twice, and p twice ;

8.7.6.5.4.3.2.1
1

’ i
=~ the No. of permutations = 2.8x1.2%1.2

=1680.
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COMBINATIONS.

(p- 124.)—Ex. 8. Find how many different combinations
of 8 letters, taken in every possible way, can be made.

The general expression for the number of combinations of

_n(n—1) (8—=2) ... (n—r41)

n things taken r together is 0
and therefore in this example,
n 8
whenr=1,i ........................ TS eeeeeneesnesensennens —
n(n—1) 8.7 i
P — ’ 1.2 --------------- -—'1_.é .................. —_— 28
o nngl) (n—2) __8.7.6 Sl
CCCCCC Se———— ) 1.2.23 l.l"l—1'2.3 IR EEE N RN E L] —
S n(n—l)(n—2)(n—3)_8.7.6.5 L
...... rn=4, o9 =g g e
5 n(n—1)...(n—+) _B8.7.6.5.4 £
""" 15 T L E A 105 AT e
: a(n—1)...(n—5) _ 8.7.6.5.4.3 .
""" T 0 G =15 54,5600
: n(n—1)...(n—6)  8.7.6.5.4.3.2
""" e Lo e O =8
' n(n—1) ...(n—=7) _ 8.7.6.5.4.3.2.1
SREA o TR 8. " oo dsienis .

Hence the total number of combinations = 255

f
|

It may be observed that this solution, which is deduced
from the general formula, is more comprehensive than the
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definition (Alg. Art. 89), which does not include the case
when =1, appears to warrant. The total number of
combinations of siz colours (Ex. 2.) have in like manner
been found to be 63 instead of 57.  The language of Algebra
from its generality is indeed far more extensive in its signi-
fication than that of ordinary discourse; and for this rea-
son, it is of the utmost importance to be able to interpret
correctly—especially in the application of the algebraic
analysis to researches in physical science, one of the most
important objects of mathematical study-—the results which
may arise in the solution of a problem.

THE END,
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